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HOM-ASSOCIATIVE ALGEBRAS UP TO HOMOTOPY
APURBA DAS
Abstract. A hom-associative algebra is an algebra whose associativity is twisted by an algebra
homomorphism. In this paper, we introduce a strongly homotopy version of hom-associative
algebras (HA8-algebras in short) on a graded vector space. We describe 2-term HA8-algebras
in details. In particular, we study ‘skeletal’ and ‘strict’ 2-term HA8-algebras. We also introduce
hom-associative 2-algebras as categorification of hom-associative algebras. The category of 2-
term HA8-algebras and the category of hom-associative 2-algebras are shown to be equivalent.
An appropriate skew-symmetrization of HA8-algebras give rise to HL8-algebras introduced by
Sheng and Chen. Finally, we define a suitable Hochschild cohomology theory for HA8-algebras
which control the deformation of the structures.
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1. Introduction
Homotopy algebras was first appeared in the work of Stasheff [23] in the recognition of loop
spaces. More precisely, a connected topological space X is a 1-fold loop space if and only if it
admits a structure of an A8-space. The algebraic analouge of an A8-space is called an A8-algebra
(strongly homotopy associative algebra). An A8-algebra consists of a graded vector space A together
with a collection of multilinear maps µk : A
bk Ñ A of degree k ´ 2, for k ě 1, satisfying certain
conditions. A first example of an A8-algebra is a differential graded associative algebra in which
µk “ 0, for k ě 3. An equivalent description of an A8-algebra structure on A is given by a square-
zero coderivation on the tensor coalgebra of the suspension sA. The Lie analouge of an A8-algebra
is called an L8-algebra (strongly homotopy Lie algebra) which was first appeared in a supporting
role in deformation theory [15,16]. L8-algebras also play a fundamental role in the Kontsevich’s
proof of the deformation quantization of arbitrary Poisson manifolds.
In this paper, we deal with certain type of algebras, called hom-type algebras. In these algebras,
the identities defining the structures are twisted by homomorphisms. Recently, hom-type algebras
have been studied by many authors. The notion of hom-Lie algebras was first introduced by Hartwig,
Larsson and Silvestrov [11]. Hom-Lie algebras appeared in examples of q-deformations of the Witt
and Virasoro algebras. Other type of algebras (e.g. associative, Leibniz, Poisson, Hopf,...) twisted by
homomorphisms have also been studied. See [17,18] (and references there in) for more details. Our
main objective of this paper is the notion of hom-associative algebra introduced by Makhlouf and
Silvestrov [17] and was further studied in [2,18,19,24]. A hom-associative algebra is an algebra whose
associativity is twisted by an algebra homomorphism. More precisely, a hom-associative algebra is
an algebra pA, µq and an algebra homomorphism α : AÑ A satisfying
µpαpaq, µpb, cqq “ µpµpa, bq, αpcqq,
for all a, b, c P A. When α “ identity, one recover the classical notion of associative algebras as
a subclass. To extend the formal deformation theory from associative algebras to hom-associative
algebras, the authors in [2,19] introduce a Hochschild type cohomology theory (suitably twisted by α)
for hom-associative algebras. Recently, the present author shows that like the classical associative
case [8], the Hochschild cohomology of a hom-associative algebra carries a Gerstenhaber algebra
structure [5]. This Gerstenhaber structure on cohomology is in fact induced from a homotopy
G-algebra structure on the Hochschild cochain groups [6].
The notion of strongly homotopy hom-Lie algebras or HL8-algebras was introduced by Sheng
and Chen as a hom-analouge of L8-algebras [21]. The aim of the present paper is to introduce
the hom-analouge of A8-algebras or strongly homotopy hom-associative algebras (HA8-algebras in
short). More precisely, an HA8-algebra structure on a graded vector space A consists of multilinear
maps µk : A
bk Ñ A of degree k ´ 2, for k ě 1, a linear map α : AÑ A of degree 0 which commute
with all µk’s and satisfying certain conditions (cf. Definition 3.1). We define HA8r1s-algebras as
equivalent notion of HA8-algebras by a degree shift (cf. Definition 3.4). We also give an equivalent
description of HA8-algebras in terms of suitable coderivations. Given a graded vector space V and
a linear map α : V Ñ V of degree 0, we consider
CoderpαpTV q “ tD “
ř
ně1 Ă̺n| ̺n : V bn Ñ V is a map of degree p satisfying α ˝ ̺n “ ̺n ˝ αbnu,
where each Ă̺n : TV Ñ TV is obtained from ̺n by a suitable coderivation rule (cf. Lemma 3.9). The
graded space Coder‚αpTV q carries a graded Lie algebra structure under the graded commutator of
coderivations. We show that an HA8-algebra structure on a graded vector space A with respect to
a degree 0 linear map α is equivalent to an element D P Coder´1α pTV q whose square is zero, where
V “ sA (cf. Theorem 3.11). Like classical cases of A8-algebras, we also prove homotopy transfer
theorems for HA8-algebras (Theorems 3.13, 3.14). We remark that similar notions of strongly
homotopy hom-associative algebras have been defined in [1,26]. Although, our definition is much
fruitful and perfectly fits with the cohomology theory of hom-associative algebras (see the contents
of Section 4).
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Note that, explicit description of 2-term L8-algebras have been studied in [3] and they are related
to categorification of Lie algebras. In this paper, we describe 2-term HA8-algebras in more details.
More precisely, a 2-term HA8-algebra is given by a complex A :“ pA1
d
ÝÑ A0q together with maps
µ2 : AibAj Ñ Ai`j and µ3 : A0bA0bA0 Ñ A1, a chain map α : AÑ A satisfying a set of axioms
(cf. Definition 4.1). We denote the category of 2-term HA8-algebras by 2HA8. Particular cases
are given by ‘skeletal’ and ‘strict’ 2-term HA8-algebras. Skeletal 2-term HA8-algebras are given
by the condition d “ 0 and strict 2-term HA8-algebras are given by the condition µ3 “ 0. We show
that skeletal algebras are classified by third Hochschild cohomology of hom-associative algebras (cf.
Theorem 4.6). More generally, we prove that an n-term HA8-algebras whose underlying graded
vector space is concentrated in degrees 0, n ´ 1 and the zero differential are classified by pn ` 1q-
th Hochschild cohomology of hom-associative algebras (cf. Theorem 4.7). We introduce crossed
module of hom-associative algebras and prove that strict algebras correspond to crossed modules of
hom-associative algebras (cf. Theorem 4.11).
A 2-vector space is a category C with a vector space of objects C0 and a vector space of morphisms
C1, such that all the structure maps are linear. It is known that the category of 2-term complexes
and the category of 2-vector spaces are equivalent [3]. We introduce hom-associative 2-algebras as
categorification of hom-associative algebras (cf. Definition 5.1). We denote the category of hom-
associative 2-algebras by HAss2. Following the proof of [3], we prove that the categories 2HA8
and HAss2 are equivalent (cf. Theorem 5.4).
Next, we define left (right) modules and bimodules over HA8-algebras. It turns out that any
HA8-algebra is a module over itself. We define a suitable Hochschild cohomology of an HA8-
algebra with coefficients in itself. Let pA, µk, αq be an HA8-algebra with the corresponding square-
zero coderivation D P Coder´1α pTV q, where V “ sA. Then the Hochschild cochains are defined
as
C‚αpA,Aq :“ Coder
´p‚´1q
α pTV q.
The coderivation D induces a differential δαp´q :“ rD,´s on C
‚
αpA,Aq. The cohomology groups
are denoted by H‚αpA,Aq. It is known that the Hochschild cohomology of an A8-algebra carries
a Gerstenhaber structure [10]. A similar method can be adapted to show that the Hochschild
cohomology of an HA8-algebra inherits a Gerstenhaber structure (cf. Theorem 6.3). Motivated
from the formal deformation of hom-associative algebras [2,19], we study formal deformation of
HA8-algebras. We show that the deformation is controlled by the Hochschild cohomology of HA8-
algebras. Our main results about deformations are similar to classical cases. More precisely, the
vanishing of the second Hochschild cohomology H2αpA,Aq implies that the HA8-algebra A is rigid
(cf. Theorem 6.7) and the vanishing of the third cohomology H3αpA,Aq allows one to extend a
deformation of order n to a deformation of order n` 1 (cf. Theorem 6.9).
Finally, we deal with HL8-algebras introduced by Sheng and Chen [21]. We define HL8r1s-
algebras as equivalent notion of HL8-algebras by a degree shift. Like HA8-algebras, we give an
equivalent description of HL8-algebras in terms of suitable coderivations (cf. Theorem 7.10). Using
this result, we show that a suitable skew-symmetrization of HA8-algebras give rise to HL8-algebras
(cf. Theorem 7.11). At the end, we define module over HL8-algebras and Chevalley-Eilenberg
cohomology. We also remark about the deformation of HL8-algebras.
In the appendix, we introduce some generalizations ofHA8-algebras and HL8-algebras. Namely,
we introduceHA8-categories (categorical model ofHA8-algebras),HA8-coalgebras (hom-coalgebras
up to homotopy) and HP8-algebras (hom-Poisson algebras up to homotopy).
Throughout the paper, we assume that the (graded) linear map α : AÑ A is not identically zero.
We also assume that the underlying field has characteristic zero.
Sign convention. In order to deal with graded vector spaces, it is important to keep track of signs.
The sign convention is that whenever two symbols of degrees p and q, respectively, are interchanged,
we multiply by a sign p´1qpq. For a graded vector space V “ ‘Vi and graded homogeneous
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indeterminates a1, . . . , an P V , a permutation σ P Sn, the Koszul sign ǫpσq “ ǫpσ; a1, . . . , anq is given
by
a1 ^ ¨ ¨ ¨ ^ an “ ǫpσq aσp1q ^ ¨ ¨ ¨ ^ aσpnq,
where ^ is the product on the free graded commutative algebra generated by ta1, . . . , anu. Note
that, ǫpσq does not involve the usual sign p´1qσ of the permutation. Denote χpσq “ χpσ; a1, . . . , anq
by χpσq “ p´1qσǫpσq.
For any graded vector spaces V and W , a graded linear map f : V bn ÑW (of degree r) is called
symmetric if
fpaσp1q b ¨ ¨ ¨ b aσpnqq “ ǫpσq fpa1 b ¨ ¨ ¨ b anq
and is called skew-symmetric if
fpaσp1q b ¨ ¨ ¨ b aσpnqq “ χpσq fpa1 b ¨ ¨ ¨ b anq.
Organization. In Section 2, we recall some basic definitions on hom-associative and hom-Lie
algebras. on hom-associative algebra and hom-Lie algebra in the differential graded context. In
Section 3, we introduce HA8-algebras and other equivalent descriptions. We also describe homotopy
tranfer theorems for HA8-algebras. In Section 4, we focus on 2-term HA8-algebras. In particular,
we discuss about skeletal 2-term HA8-algebras and strict 2-term HA8-algebras. Section 5 concerns
about hom-associative 2-algebras. In Section 6, we discuss cohomology and deformations of HA8-
algebras. Finally, in Section 7, we visit HL8-algebras.
2. Preliminaries
In this section, we recall hom-associative algebras and hom-Lie algebras in the differential graded
perspectives. For more details on hom-algebras, see [2,5,6,11,17–19,24].
2.1. DG hom-associative algebras.
2.1. Definition. A hom-associative algebra is a triple pA, µ, αq consists of a vector space A together
with a bilinear map µ : AbAÑ A and a linear map α : AÑ A satisfying αpµpa, bqq “ µpαpaq, αpbqq
and the following hom-associativity condition
µpαpaq, µpb, cqq “ µpµpa, bq, αpcqq, for all a, b, c P A.(1)
In [2] the authors called such a hom-associative algebra ‘multiplicative’. By a hom-associative
algebra, they mean a triple pA, µ, αq of a vector space A, a bilinear map µ : AbAÑ A and a linear
map α : AÑ A satisfying condition (1). When α “ identity, in any case, one gets the definition of
a classical associative algebra.
Next, we recall the definition of Hochschild type cohomology for hom-associative algebras with
coefficients in a hom-bimodule. Let pA, µ, αq be a hom-associative algebra. A hom-bimodule over it
consists of a vector space M together with a linear map β :M ÑM and maps ¨ : AbM ÑM and
¨ :M bAÑM satisfying βpa ¨mq “ αpaq ¨βpmq, βpm ¨ aq “ βpmq ¨αpaq and the followings are hold
αpaq ¨ pb ¨mq “ µpa, bq ¨ βpmq,
βpmq ¨ µpa, bq “ pm ¨ aq ¨ αpbq,
αpaq ¨ pm ¨ bq “ pa ¨mq ¨ αpbq,
for all a, b P A andm PM . The above three relations can be expressed in terms of the commutativity
of the following diagrams
AbAbM
µbβ
//
αb¨

AbM
¨

M bAbA
βbµ
//
¨bα

M bA
¨

AbM bA
αb¨
//
¨bα

AbM
¨

AbM
¨
// M M bA
¨
// M M bA
¨
// M
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It follows thatM “ A is a hom-bimodule over A with respect to the linear map α : AÑ A. Given
a hom-bimodule pM,β, ¨q, one can define a Hochschild type cohomology of pA, µ, αq with coefficients
in the hom-bimodule. The cochain complex is given by
`
C‚α,βpA,Mq, δα,β
˘
where
Cnα,βpA,Mq :“ tf : A
bn ÑM | fpαpa1q, . . . , αpanqq “ βpfpa1, . . . , anqq, for all ai P Au
and
δα,βpfqpa1, . . . , an`1q “ α
n´1pa1q ¨ fpa2, . . . , an`1q
`
nÿ
i“1
p´1qif
`
αpa1q, . . . , αpai´1q, µpai, ai`1q, αpai`2q, . . . , αpan`1q
˘
` p´1qn`1fpa1, . . . , anq ¨ α
n´1pan`1q.
The cohomology of this complex is called the Hochschild cohomology of A with coefficients in the
hom-bimodule pM,β, ¨q and the cohomology groups are denoted by H‚α,βpA,Mq. When M “ A and
β “ α, we denote the Hochschild cochain complex by
`
C‚αpA,Aq, δα
˘
and the cohomology is denoted
by H‚αpA,Aq. This is called the Hochschild cohomology of pA, µ, αq. Like classical case, these
cohomology theory control the deformation of hom-associative algebras [2]. Recently, the present
author showed that the cohomology H‚αpA,Aq inherits a Gerstenhaber algebra structure [5,6].
A graded hom-associative algebra consists of a graded vector space A “ ‘Ai together with a
bilinear map µ : A b A Ñ A of degree 0 and a linear map α : A Ñ A of degree 0 satisfying
αpµpa, bqq “ µpαpaq, αpbqq and the hom-associativity condition
µpαpaq, µpb, cqq “ µpµpa, bq, αpcqq, for all a, b, c P A.
A differential graded (DG) hom-associative algebra is a graded hom-associative algebra pA “
‘Ai, µ, αq together with a differential d : AÑ A of degree ´1 satisfying α ˝ d “ d ˝ α and
dpµpa, bqq “ µpda, bq ` p´1q|a|µpa, dbq, for all a, b P A.
2.2. DG hom-Lie algebras.
2.2. Definition. A hom-Lie algebra is a triple pL, r´,´s, αq consists of a vector space L together
with a skew-symmetric bilinear map r´,´s : L b L Ñ L and a linear map α : L Ñ L satisfying
αpra, bsq “ rαpaq, αpbqs and the following hom-Jacobi identity
rra, bs, αpcqs ` rrb, cs, αpaqs ` rrc, as, αpbqs “ 0, for all a, b, c P L.
When α “identity, one gets the definition of a Lie algebra. A module over a hom-Lie algebra
pL, r´,´s, αq consists of a vector space M together with a linear map β : M Ñ M and a map
r´,´s : LbM ÑM satisfying βra,ms “ rαpaq, βpmqs and
rra, bs, βpmqs “ rαpaq, rb,mss ´ rαpbq, ra,mss, for all a, b P L, m PM.
It is clear that an hom-Lie algebra is a module over itself. One may also define a Chevalley-Eilenberg
cohomology for hom-Lie algebras with coefficients in a module [2].
A graded hom-Lie algebra consists of a graded vector space L “ ‘Li together with a graded
skew-symmetric bilinear map r´,´s : L b LÑ L of degree 0 and a linear map α : LÑ L of degree
0 satisfying αpra, bsq “ rαpaq, αpbqs and the following graded hom-Jacobi identity
p´1q|a||c| rra, bs, αpcqs ` p´1q|b||a| rrb, cs, αpaqs ` p´1q|c||b| rrc, as, αpbqs “ 0, for all a, b, c P L.
A differential graded (DG) hom-Lie algebra is a graded hom-Lie algebra pL “ ‘Li, r´,´s, αq
together with a differential d : LÑ L of degree ´1 satisfying α ˝ d “ d ˝ α and
dra, bs “ rda, bs ` p´1q|a|ra, dbs, for all a, b P L.
3. Strongly homotopy hom-associative algebras
The aim of this section is to introduce hom-analouge of A8-algebras or strongly homotopy hom-
associative algebras (HA8-algebras in short). We also prove homotopy tranfer theorems for HA8-
algebras.
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3.1. HA8-algebras.
3.1. Definition. An HA8-algebra is a graded vector space A “ ‘Ai together with
(i) a collection tµk| 1 ď k ă 8u of linear maps µk : A
bk Ñ A with deg pµkq “ k ´ 2,
(ii) a linear map α : AÑ A of degree 0 with
α
`
µkpa1, . . . , akq
˘
“ µk
`
αpa1q, . . . , αpakq
˘
such that for all n ě 1,
ÿ
i`j“n`1
jÿ
λ“1
p´1qλpi`1q`ip|a1|`¨¨¨`|aλ´1|q µj
`
αi´1a1, . . . , α
i´1aλ´1, µipaλ, . . . , aλ`i´1q,(2)
αi´1aλ`i, . . . , α
i´1an
˘
“ 0,
for ai P A|ai|, 1 ď i ď n, or, equivalently,ÿ
r`s`t“n,r,tě0,sě1
p´1qrs`t µr`1`tppα
s´1qbr b µs b pα
s´1qbtq “ 0.(3)
An HA8-algebra as above is denoted by pA, µk, αq. When α “ identity, one gets the definition of
an A8-algebra introduced by Stasheff [23]. When A is a vector space considered as a graded vector
space concentrated in degree 0, we get hom-associative algebras [17].
The above definition of an HA8-algebra has the following consequences. For n “ 1, we get
µ21 “ 0, which means that the degree ´1 map µ1 : A Ñ A is a differential. Therefore, pA, µ1q is a
chain complex. For n “ 2, we get
µ1
`
µ2pa, bq
˘
“ µ2
`
µ1paq, b
˘
` p´1q|a| µ2
`
a, µ1pbq
˘
, for a, b P A.
It says that the differential µ1 is a graded derivation for the product µ2. For n “ 3, we have
µ2
`
αpaq, µ2pb, cq
˘
´ µ2
`
µ2pa, bq, αpcq
˘
“ ´
"
µ1
`
µ3pa, b, cq
˘
` µ3
`
µ1paq, b, c
˘
` p´1q|a|µ3pa, µ1pbq, cq ` p´1q
|a|`|b|µ3pa, b, µ1pcqq
*
.
This shows that the product µ2 does not satisfy (in general) the graded hom-associativity condition.
However, it does satisfy up to a term involving µ3. Similarly, for higher n, we get higher coherence
laws that µk’s must satisfy. It is now easy to see that a graded hom-associative algebra is an HA8-
algebra with µk “ 0, for k ‰ 2, and, a DG hom-associative algebra is an HA8-algebra with µk “ 0,
for k ě 3.
It also follows from the above observation that the homology H˚pAq “ H˚pA, µ1q of a HA8-
algebra pA, µk, αq carries a graded hom-associative algebra.
3.2. Example. Let pA, µkq be an A8-algebra and α : AÑ A be a degree 0 map satisfying α ˝ µk “
µk ˝α
bk, for all k ě 1. Such a map α is called a strict morphism. If α : AÑ A is a strict morphism,
then pA,αk´1 ˝ µk, αq is an HA8-algebra.
3.3. Remark. Let pA, µk, αq be an HA8-algebra. Then µ1 : AÑ A is a differential, denoted by d.
For n ě 2, the derivation of µn : A
bn Ñ A is given by
Bpµnq “ rd, µns “ d ˝ µn ´ p´1q
n´2µn ˝ d
“ d ˝ µn ´ p´1q
n´2µn
`
pd, id, . . . , idq ` pid, d, id, . . . , idq ` ¨ ¨ ¨ ` pid, . . . , id, dq
˘
.
Then the relations (3) for n ě 2 becomes
Bpµnq “
$&
% 0, if n “ 2,´řr`s`t“n,r,tě0,1ăsănp´1qrs`t µr`1`tppαs´1qbr b µs b pαs´1qbtq, if n ě 3.(4)
Motivated from the classical case, we also introduce an equivalent notion of HA8r1s-algebra.
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3.4. Definition. An HA8r1s-algebra structure on a graded vector space V consists of degree ´1
multilinear maps ̺k : V
bk Ñ V , k ě 1, and a linear map α : V Ñ V of degree 0 such that
α
`
̺kpv1, . . . , vkq
˘
“ ̺k
`
αpv1q, . . . , αpvkq
˘
and for all n ě 1,
ÿ
i`j“n`1
jÿ
λ“1
p´1q|v1|`¨¨¨`|vλ´1| ̺j
`
αi´1v1, . . . , α
i´1vλ´1, ̺ipvλ, . . . , vλ`i´1q, . . . , α
i´1vn
˘
“ 0,(5)
for v1, . . . , vn P V , or, equivalently,ÿ
r`s`t“n,r,tě0,sě1
mr`1`t
`
pαs´1qbr bms b pα
s´1qbt
˘
“ 0.(6)
Like classical case, an HA8-structure is related to an HA8r1s-structure by a degree shift. Let
pA, µk, αq be an HA8-algebra. Take V “ sA, where Vi “ psAqi “ Ai´1. Define
̺k “ p´1q
kpk´1q
2 s ˝ µk ˝ ps
´1qbk,(7)
where s : AÑ sA is a degree `1 map and s´1 : sAÑ A is a degree ´1 map. Note that µk can be
reconstructed from ̺k as µk “ s
´1 ˝ ̺k ˝ s
bk. The sign p´1q
kpk´1q
2 is a consequence of the Koszul
sign convention. See [15] for more details. Then we have the following.
3.5.Proposition. AnHA8-algebra structure on a graded vector space A is equivalent to an HA8r1s-
structure on the graded vector space V “ sA.
3.6. Remark. Note that Definition 3.1 is natural in the sense that the differential µ1 has degree
´1, the product µ2 preserves the degree and µn’s are higher homotopies, for n ě 3. However, one
can see that Definition 3.4 is simpler in sign.
3.7. Definition. Let pA, µk, αq and pA
1, µ1k, α
1q be two HA8-algebras. A morphism f : A Ñ A
1 of
HA8-algebras consists of maps fk : A
bk Ñ A1 of degree k ´ 1, for k ě 1, such that
fk
`
αpa1q b ¨ ¨ ¨ b αpakq
˘
“ α1
`
fkpa1 b ¨ ¨ ¨ b akq
˘
and for all n ě 1,ÿ
r`s`t“n,r,tě0,sě1
p´1qrs`t fr`1`tppα
s´1qbr b µs b pα
s´1qbtq(8)
“
nÿ
l“1
ÿ
i1`¨¨¨`il“n,i1,...,ilě1
p´1qu µ1lpα
1pi2´1q`¨¨¨`pil´1qfi1 b ¨ ¨ ¨ b α
1pi1´1q`¨¨¨`pil´1´1qfilq,
where u “ pl ´ 1qpi1 ´ 1q ` pl ´ 2qpi2 ´ 1q ` ¨ ¨ ¨ ` 2pil´2 ´ 1q ` pil´1 ´ 1q.
If f : AÑ A1 is a HA8-algebra morphism, then f1 : AÑ A
1 is a morphism of complexes which is
compatible with µ2 up to a homotopy given by f2. Therefore, f1 induces a graded hom-associative
algebra morphism at the level of homology.
A morphism f : AÑ A1 of HA8-algebras is called strict if fk “ 0, for all k ě 2. In this case, the
identity (8) becomes
f1 ˝ µn “ µ
1
n ˝ pf1 b ¨ ¨ ¨ b f1q.
Therefore, strict morphisms of HA8-algebras are analogous to hom-associative algebra morphisms.
A strict morphism f : AÑ A1 is called strict isomorphism if f1 is an isomorphism.
A morphism f : A Ñ A1 of HA8-algebras is called a quasi-isomorphism if f1 : A Ñ A
1 is a
quasi-isomorphism of complexes. In other words, the induced map H˚pf1q : H˚pAq Ñ H˚pA
1q is an
isomorphism of graded hom-associative algebras. In this case, we write A » A1.
We also introduce a notion of morphism between HA8r1s-algebras.
3.8. Definition. Let pV, ̺k, αq and pV
1, ̺1k, α
1q be two HA8r1s-algebras. A morphism f : V Ñ V
1
between them consists of multilinear maps fk : V
bk Ñ V 1 of degree 0, for k ě 1, such that
fk
`
αpv1q b ¨ ¨ ¨ b αpvkq
˘
“ α1
`
fkpv1 b ¨ ¨ ¨ b vkq
˘
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and for all n ě 1,ÿ
r`s`t“n,r,tě0,sě1
fr`1`tppα
s´1qbr b ̺s b pα
s´1qbtq(9)
“
nÿ
l“1
ÿ
i1`¨¨¨`il“n,i1,...,ilě0
̺1lpα
1pi2´1q`¨¨¨`pil´1qfi1 b ¨ ¨ ¨ b α
1pi1´1q`¨¨¨`pil´1´1qfilq.
Let f : V Ñ V 1 and g : V 1 Ñ V 2 be two HA8r1s-algebra morphism. Then their composition
g ˝ f : V Ñ V 2 is given by
pg ˝ fqk “
ÿ
i1`¨¨¨`il“k,i1,...,ilě1
gl ˝ pfi1 b ¨ ¨ ¨ b filq.
3.2. Coderivation interpretation. Let V be a graded vector space. Consider the graded vector
space TV “ ‘kě0V
bk with the coproduct △ : TV Ñ pTV q b pTV q defined by
△pv1 b ¨ ¨ ¨ b vnq “
řn
i“0pv1 b ¨ ¨ ¨ b viq b pvi`1 b ¨ ¨ ¨ b vnq.
Note that, if α : V Ñ V be a linear map of degree 0, then α induces a coalgebra map (denoted by
the same symbol) α : TV Ñ TV defined by
αpv1 b ¨ ¨ ¨ b vnq “ αpv1q b ¨ ¨ ¨ b αpvnq.
The following lemma is very useful to derive an equivalent description of HA8-algebras.
3.9. Lemma. Let V be a graded vector space and α : V Ñ V be a linear map of degree 0. Let
̺ : V bn Ñ V be a linear map pof degree |̺|q satisfying α ˝ ̺ “ ̺ ˝ αbn, that is,
αp̺pv1 b ¨ ¨ ¨ b vnqq “ ̺pαpv1q b ¨ ¨ ¨ b αpvnqq.
View ̺ as a linear map ̺ : TV Ñ V by letting its only non-zero component being given by the original
̺ on V bn. Then ̺ lifts uniquely to a map r̺ : TV Ñ TV pof degree |̺|q satisfying α ˝ r̺“ r̺˝ α and
△ ˝ r̺“ pr̺b αn´1 ` αn´1 b r̺q ˝△.(10)
More precisely, rρ is given byr̺pv1 b ¨ ¨ ¨ b vkq :“$&
%0, if k ă n,řk´n
i“0 p´1q
|̺|p|v1|`¨¨¨`|vi|q αn´1v1 b ¨ ¨ ¨ b α
n´1vi b ̺pvi`1 b ¨ ¨ ¨ b vi`nq b ¨ ¨ ¨ b α
n´1vk, if k ě n.
Thus, r̺ maps V bk Ñ V bk´n`1, for k ě n.
Proof. It is easy to verify that r̺ satisfies the above properties. Next, we prove the uniqueness. Let
ρ : TV Ñ TV be another such map satisfying the above properties. Let ρj denote the component
of ρ mapping pTV q Ñ V bj . Since ρ satisfies (10), we have
△pρpv1 b ¨ ¨ ¨ b vkqq “ pρb α
n´1 ` αn´1 b ρq△pv1 b ¨ ¨ ¨ b vkq
“ pρb αn´1 ` αn´1 b ρq
 kÿ
i“0
pv1 b ¨ ¨ ¨ b viq b pvi`1 b ¨ ¨ ¨ b vkq
(
“
kÿ
i“0
 
ρpv1 b ¨ ¨ ¨ b viq b pα
n´1vi`1 b ¨ ¨ ¨ b α
n´1vkq
` p´1q|ρ|p|v1|`¨¨¨`|vi|qpαn´1v1 b ¨ ¨ ¨ b α
n´1viq b ρpvi`1 b ¨ ¨ ¨ b vkq
(
.
By projecting both sides to V bi b V bj Ă pTV q b pTV q with i` j “ m, we get
△pρmpv1 b ¨ ¨ ¨ b vkqq|V bibV bj “ ρ
ipv1 b ¨ ¨ ¨ b vk´jq b pα
n´1vk´j`1 b ¨ ¨ ¨ b α
n´1vkq
`p´1q|ρ|p|v1|`¨¨¨`|vi|qpαn´1v1 b ¨ ¨ ¨ b α
n´1viq b ρ
jpvi`1 b ¨ ¨ ¨ b vkq.
We have ̺1 “ ̺ from the assumption. Hence, for m “ i “ 1 and j “ 0, we get ρ0 “ 0. For m “ 2,
choose i “ 1 and j “ 1, we get that ̺2 is non-zero on V bn`1 and is given by
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̺2pv1 b ¨ ¨ ¨ b vn`1q “ ̺pv1 b ¨ ¨ ¨ b vnq b α
n´1vn`1 ` p´1q
|̺||v1|αn´1v1 b ̺pv2 b ¨ ¨ ¨ b vn`1q.
We use induction to determine ̺m, for any m ě 2. More precisely, for any m ě 2, we choose
i “ m´ 1 and j “ 1 to determine ̺m uniquely by using ̺m´1 and ̺1. It can be checked that ̺m is
non-zero only on V bn`m´1 and is given by
̺mpv1 b ¨ ¨ ¨ b vn`m´1q
“
m´1ÿ
i“0
p´1q|̺|p|v1|`¨¨¨`|vi|qαn´1v1 b ¨ ¨ ¨ b α
n´1vi b ̺pvi`1 b ¨ ¨ ¨ b vi`nq b ¨ ¨ ¨ b α
n´1vn`m´1.
Hence, the proof. 
Let
CoderpαpTV q “ tD “
ř
ně1 Ă̺n| ̺n : V bn Ñ V is a map of degree p satisfying α ˝ ̺n “ ̺n ˝ αbnu.
We first define a graded Lie algebra structure on Coder‚αpTV q. Let D “
ř
ně1 Ă̺n P CoderpαpTV q
and D1 “
ř
mě1 Ăσm P CoderqαpTV q. Then each ̺n : V bn Ñ V is a map of degree p and each
σm : V
bm Ñ V is a map of degree q. We define
D ˝D1 “
ÿ
ně1
Ă̺n ˝ ÿ
mě1
Ăσm “ ÿ
n,mě1
Ă̺n ˝ Ăσm P Coderp`qα pTV q.
It can be checked that the product ˝ defines a graded pre-Lie algebra structure on Coder‚αpTV q.
Hence, the graded commutator
rD,D1s “ D ˝D1 ´ p´1qpqD1 ˝D,
for D P CoderpαpTV q and D
1 P CoderqαpTV q, defines a graded Lie algebra structure on Coder
‚
αpTV q.
3.10. Proposition. Let V be a graded vector space and α : V Ñ V be a linear map of degree 0.
Let D “
ř
ně1 Ă̺n P Coder´1α pTV q. Then the condition D ˝ D “ 0 is equivalent to the following
equations:
̺1p̺1pv1qq “ 0,
̺1p̺2pv1, v2qq ` ̺2p̺1pv1q, v2q ` p´1q
|v1|̺2pv1, ̺1pv2qq “ 0,
¨ ¨ ¨
ÿ
i`j“n`1
jÿ
λ“1
p´1q|v1|`¨¨¨`|vλ´1| ̺j
`
αi´1v1, . . . , α
i´1vλ´1, ̺ipvλ, . . . , vλ`i´1q, . . . , α
i´1vn
˘
“ 0,
¨ ¨ ¨ .
Proof. Note that, the condition D ˝D “ 0 is same as
p r̺1 ` r̺2 ` r̺3 ` ¨ ¨ ¨ q ˝ p r̺1 ` r̺2 ` r̺3 ` ¨ ¨ ¨ q “ 0.
This is equivalent to the conditions that
r̺1 ˝ r̺1 “ 0,
r̺1 ˝ r̺2 ` r̺2 ˝ r̺1 “ 0,
¨ ¨ ¨
r̺1 ˝ Ă̺n ` r̺2 ˝ Ć̺n´1 ` ¨ ¨ ¨ ` Ć̺n´1 ˝ r̺2 ` Ă̺n ˝ r̺1 “ 0,
¨ ¨ ¨ .
Hence, by applying the definition of r̺i, for i “ 1, . . . , we get the conclusion. 
In view of Proposition 3.5 and Proposition 3.10, we have the following result.
3.11. Theorem. An HA8-algebra structure on a graded vector space A with respect to a linear map
α : AÑ A of degree 0 is equivalent to an element D P Coder´1α pTV q with D˝D “ 0, where V “ sA.
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3.3. Homotopy transfer theorems. Let pA, dAq and pH, dHq be two chain complexes. A contrac-
tion from A to H consists of chain maps p : AÑ H and i : H Ñ A and a degree `1 chain homotopy
h : AÑ A
h ü pA, dAq
p
// pH, dHq
i
oo
satisfying
1A ´ i ˝ p “ dAh` hdA,
p ˝ i “ 1H .
Now, suppose pA, µ, α, dAq is a differential graded hom-associative algebra. We also assume that
α commute with the chain homotopy h, that is, α ˝ h “ h ˝ α. We aim to prove that the differen-
tial graded hom-associative algebra structure on pA, dAq transfer to an HA8-algebra structure on
pH, dHq. A similar result for differential graded associative algebras has been proved by Kadeisvili
[12]. We define a multiplication µH2 : H
b2 Ñ H by
µH2 px, yq :“ pµpipxq, ipyqq, for x, y P H
and a degree 0 linear map αH : H Ñ H by αH :“ p ˝ α ˝ i. If the map i is an isomorphism with
inverse p, then the multiplication on H becomes hom-associative. In general, there is no reason for
µH2 to be hom-associative.
The next lemma is straightforward but a tedious calculation.
3.12. Lemma. We have BpµH2 q “ 0. Moreover, for any x, y, z P H,
µH2 pµ
H
2 px, yq, αHpzqq ´ µ
H
2 pαHpxq, µ
H
2 py, zqq “ Bpµ
H
3 qpx, y, zq,
where µH3 : H
b3 Ñ H is given by
µH3 px, y, zq “ pµ
`
hµpipxq, ipyqq, αipzq
˘
´ pµ
`
αipxq, hµpipyq, ipzqq
˘
.
The above lemma shows that the obstruction of the hom-associativity of µH2 is given by Bpµ
H
3 q.
The Remark 3.3 now suggests that pH, dHq may have an HA8-algebra structure. Like classical case
of A8-algebras, one can construct maps µ
H
k : H
bk Ñ H of degree k ´ 2, for k ě 3, satisfying the
properties (4). For k “ 3, it coincides with µH3 defined in the above lemma. Therefore, it will follows
that pH, dHq inherits an HA8-algebra structure.
Our method to construct maps µHk , for k ě 3, are similar to the classical case. We follow the
method as in [20]. More precisely, we construct maps µAk : A
bk Ñ A of degree k´ 2, for k ě 3, such
that
µHk :“ p ˝ µ
A
k ˝ i
bk, k ě 3.
We define maps µAk : A
bk Ñ A by using induction. We set µA2 “ µ and inductively define
µAk :“
ÿ
i`j“k,i,jě1
p´1qipj`1qµpαj´1 ˝ h ˝ µAi b α
i´1 ˝ h ˝ µAj q
with the convention that h ˝ µA1 “ id. We remark that the maps µ
A
k can also be define in terms of
planar binary trees with k leaves, for k ě 3. Note that there is a unique planar binary tree with
two leaves, namely, . It correspond to the binary operation µA2 “ µ. For any planar binary tree
T with k leaves, it is the grafting of two planar binary trees each of which has less than k leaves.
Let T “ T1 _ T2, where T1 is a planar binary tree with i leaves and T2 is a planar binary tree
with j leaves with i ` j “ k. Here _ stands for grafting of trees. For such T , we associate a map
µT : A
bk Ñ A by
µT “ p´1q
ipj`1q µpαj´1 ˝ h ˝ µT1 b α
i´1 ˝ h ˝ µT2q
with the convention that h ˝ µ1= id, where 1 is the unique planar tree | with 1 leaf. Finally, define
µAk :“
ÿ
TPPBT pkq
µT ,
where PBT pkq is the set of isomorphism classes of planar binary trees with k leaves.
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Thus, we get the following HA8-algebra version of the homotopy transfer theorem. The proof is
similar to Markl [20] for A8-algebras (see also [12]).
3.13. Theorem. Let
h ü pA, dAq
p
// pH, dHq
i
oo
be a contraction data. If pA, dAq is a differential graded hom-associative algebra, then pH, dHq
inherits a structure of an HA8-algebra.
In the next, we prove that if pA, dAq inherits a structure of an HA8-algebra, this structure also
transfers to pH, dHq. A similar for A8-algebras has been proved by Kontsevich and Soibelman
[14]. Note that, in Lemma 3.12 we have used the fact that µ is associative. If pA, dAq is an HA8-
algebra, the multiplication µ2 on A is only associative up to homotopy, that is, there exists a ternary
operation µ3 on A such that
Bpµ3q “ µ2pµ2 b αq ´ µ2pαb µ2q.
As before, we construct maps µAk : A
bk Ñ A of degree k´ 2, for k ě 3 such that µHk :“ p ˝µ
A
k ˝ i
bk,
k ě 3. Define
µAk “
ÿ
i1`¨¨¨`il“k,i1,...,ilě1,2ďlďk
p´1qθpi1,...,ilq µlpα
ř
p‰1pip´1q ˝ h ˝ µAi1 b ¨ ¨ ¨ b α
ř
p‰lpip´1q ˝ h ˝ µAil q,
where θpi1, . . . , ilq “
ř
1ďsătďl ispit ` 1q. As before, we have used the convention that h ˝ µ
A
1 “ id.
One may also describe these maps in terms of planar trees (instead of planar binary trees). The
proof of the next theorem is similar to Markl [20].
3.14. Theorem. Given a contraction data as in Theorem 3.13, if pA, dAq is an HA8-algebra, then
pH, dHq inherits a structure of an HA8-algebra.
4. 2-term HA8-algebras
An n-term HA8-algebra is an HA8-algebra pA, µk, αq whose underlying graded vector space A
is concentrated in degrees 0 to n´ 1, namely,
A “ A0 ‘A1 ‘ ¨ ¨ ¨ ‘An´1.
In this case, it is easy to see that µk “ 0, for k ą n`1. In the next section (see Theorem 5.4) we show
that 2-term HA8-algebras are related to categorification of hom-associative algebras. Therefore, we
prefer to rewrite the explicit description of 2-term HA8-algebras.
4.1. Definition. A 2-term HA8-algebra consists of the following data
‚ a complex of vector spaces A1
d
ÝÑ A0
‚ bilinear maps µ2 : Ai bAj Ñ Ai`j ,
‚ a trilinear map µ3 : A0 bA0 bA0 Ñ A1,
‚ two linear maps α0 : A0 Ñ A0 and α1 : A1 Ñ A1 satisfying α0 ˝ d “ d ˝ α1 and
α1 ˝ µ3 “ µ3 ˝ α
b3
0
such that for any a, b, c, d P A0 and m,n P A1, the following equalities are satisfied:
(a) µ2pm,nq “ 0,
(b) α0
`
µ2pa, bq
˘
“ µ2
`
α0paq, α0pbq
˘
,
(c) α1
`
µ2pa,mq
˘
“ µ2
`
α0paq, α1pmq
˘
,
(d) α1
`
µ2pm, aq
˘
“ µ2pα1pmq, α0paq
˘
,
(e) dµ2pa,mq “ µ2pa, dmq,
(f) dµ2pm, aq “ µ2pdm, aq,
(g) µ2pdm, nq “ µ2pm, dnq,
(h) dµ3pa, b, cq “ µ2
`
µ2pa, bq, α0pcq
˘
´ µ2
`
α0paq, µ2pb, cq
˘
,
(i1) µ3pa, b, dmq “ µ2
`
µ2pa, bq, α1pmq
˘
´ µ2
`
α0paq, µ2pb,mq
˘
,
(i2) µ3pa, dm, cq “ µ2
`
µ2pa,mq, α0pcq
˘
´ µ2
`
α0paq, µ2pm, cq
˘
,
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(i3) µ3pdm, b, cq “ µ2
`
µ2pm, bq, α0pcq
˘
´ µ2
`
α1pmq, µ2pb, cq
˘
,
(j) µ3
`
µ2pa, bq, α0pcq, α0pdq
˘
´ µ3
`
α0paq, µ2pb, cq, α0pdq
˘
` µ3
`
α0paq, α0pbq, µ2pc, dq
˘
“ µ2
`
µ3pa, b, cq, α
2
0pdq
˘
` µ2
`
α20paq, µ3pb, c, dq
˘
.
We denote a 2-term HA8-algebra as above by pA1
d
ÝÑ A0, µ2, µ3, α0, α1q. One may also write the
explicit description of morphism between 2-term HA8-algebras.
4.2. Definition. Let A “ pA1
d
ÝÑ A0, µ2, µ3, α0, α1q and A
1 “ pA11
d1
ÝÑ A10, µ
1
2, µ
1
3, α
1
0, α
1
1q be two
2-term HA8-algebras. A morphism f : AÑ A
1 consists of
‚ a chain map f : AÑ A1 (which consists of linear maps f0 : A0 Ñ A
1
0 and f1 : A1 Ñ A
1
1 with
f0 ˝ d “ d
1 ˝ f1) satisfying
α10 ˝ f0 “ f0 ˝ α0 and α
1
1 ˝ f1 “ f1 ˝ α1,
‚ a bilinear map f2 : A0 bA0 Ñ A
1
1 satisfying α
1
1 ˝ f2 “ f2 ˝ α
b2
0
such that for any a, b, c P A0 and m P A1, the followings are hold
(a) d1f2pa, bq “ f0pµ2pa, bqq ´ µ
1
2pf0paq, f0pbqq,
(b) f2pa, dmq “ f1pµ2pa,mqq ´ µ
1
2pf0paq, f1pmqq,
(c) f2pdm, aq “ f1pµ2pm, aqq ´ µ
1
2pf1pmq, f0paqq,
(d) f2pµ2pa, bq, α0pcqq ´ f2pα0paq, µ2pb, cqq ´ µ
1
2pf2pa, bq, α
1
0f0pcqq ` µ
1
2pα
1
0f0paq, f2pb, cqq
“ f1pµ3pa, b, cqq ´ µ
1
3pf0paq, f0pbq, f0pcqq.
If f “ pf0, f1, f2q : A Ñ A
1 and g “ pg0, g1, g2q : A
1 Ñ A2 be two morphism of 2-term HA8-
algebras, their composition g ˝ f : A Ñ A2 is defined by pg ˝ fq0 “ g0 ˝ f0, pg ˝ fq1 “ g1 ˝ f1
and
pg ˝ fq2pa, bq “ g2pf0paq, f0pbqq ` g1pf2pa, bqq, for a, b P A0.
For any 2-term HA8-algebra A, the identity morphism idA : AÑ A is given by the identity chain
map AÑ A together with p1Aq2 “ 0.
4.3. Proposition. The collection of 2-term HA8-algebras and morphisms between them form a
category. We denote this category by 2HA8.
4.1. Skeletal 2-term HA8-algebras.
4.4. Definition. A 2-term HA8-algebra pA1
d
ÝÑ A0, µ2, µ3, α0, α1q is called skeletal if d “ 0.
Let pA1
0
ÝÑ A0, µ2, µ3, α0, α1q be a skeletal 2-term HA8-algebra. Then it follows from conditions
(b) and (h) in Definition 3.6 that pA0, µ2, α0q forms a hom-associative algebra. Moreover, it follows
from (i1), (i2) and (i3) that the maps
µ2 : A0 bA1 Ñ A1, pa,mq ÞÑ µ2pa,mq
µ2 : A1 bA0 Ñ A1, pm, aq ÞÑ µ2pm, aq
defines a hom-bimodule structure on the vector space A1 with respect to the linear map α1 : A1 Ñ
A1.
4.5. Definition. Let pA1
0
ÝÑ A0, µ2, µ3, α0, α1q and pA1
0
ÝÑ A0, µ
1
2, µ
1
3, α0, α1q be two skeletal 2-term
HA8-algebras on the same chain complex and maps α0, α1. They are said to be equivalent if µ2 “ µ
1
2
and there exists a linear map σ : A0 bA0 Ñ A1 with α1pσpa, bqq “ σpα0paq, α0pbqq satisfying
µ13pa, b, cq “ µ3pa, b, cq ` µ2pα0paq, σpb, cqq ´ σpµ2pa, bq, α0pcqq
` σpα0paq, µ2pb, cqq ´ µ2pσpa, bq, α0pcqq, for all a, b, c P A0.
4.6. Theorem. There is a one-to-one correspondence between skeletal 2-term HA8-algebras and
tuples ppA, µ, αq,M, β, ¨, θq, where pA, µ, αq is a hom-associative algebra, pM,β, ¨q is a hom-bimodule
over A and θ is a 3-cocycle of the hom-associative algebra A with coefficients in the hom-bimodule.
Moreover, it extends to a one-to-one correspondence between equivalence classes of skeletal 2-term
HA8-algebras and the third Hochschild cohomology H
3
α,βpA,Mq.
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Proof. Let pA1
0
ÝÑ A0, µ2, µ3, α0, α1q be a skeletal 2-termHA8-algebra. We observed that pA0, µ2, α0q
is a hom-associative algebra and the maps µ2 : A0 b A1 Ñ A1, µ2 : A1 b A0 Ñ A1 defines a hom-
bimodule structure on the vector space A1 with respect to the linear map α1 : A1 Ñ A1. It remains
to find out a 3-cocycle of the hom-associative algebra A0 with coefficients in the hom-bimodule A1.
We show that
µ3 : A0 bA0 bA0 Ñ A1
defines a cocycle. Note that condition (j) is same as
µ2
`
α20paq, µ3pb, c, dq
˘
´ µ3
`
µ2pa, bq, α0pcq, α0pdq
˘
` µ3
`
α0paq, µ2pb, cq, α0pdq
˘
´µ3
`
α0paq, α0pbq, µ2pc, dq
˘
` µ2
`
µ3pa, b, cq, α
2
0pdq
˘
“ 0.
This is equivalent to δα0,α1pµ3qpa, b, c, dq “ 0.
Conversely, given a tuple ppA, µ, αq,M, β, ¨, θq as in the statement, define A0 “ A, A1 “ M ,
α0 “ α and α1 “ β. We define multiplications µ2 : AibAj Ñ Ai`j and µ3 : A0bA0bA0 Ñ A1 by
µ2pa, bq “ µpa, bq,
µ2pa,mq “ a ¨m,
µ2pm, aq “ m ¨ a,
µ3pa, b, cq “ θpa, b, cq,
for a, b, c P A0 “ A and m P A1 “ M. Then it is easy to verify that pA1
0
ÝÑ A0, µ2, µ3, α0, α1q is a
skeletal 2-term HA8-algebra.
Finally, let pA1
0
ÝÑ A0, µ2, µ3, α0, α1q and pA1
0
ÝÑ A0, µ2, µ
1
3, α0, α1q be two equivalent skeletal
algebras with the equivalence given by σ (cf. Definition 4.5). Then it follows that
µ13 “ µ3 ` δα0,α1pσq
as a 3-cochain in C3α0,α1pA,Mq. Hence, we have rµ3s “ rµ
1
3s. Conversely, any two representatives of
a same cohomology class in H3α0,α1pA,Mq gives rise to equivalent skeletal algebras. 
More generally, we can consider n-term HA8-algebras with the underlying chain complex
A “ pAn´1
0
ÝÑ 0
0
ÝÑ ¨ ¨ ¨
0
ÝÑ 0
0
ÝÑ A0q
consists of only two non-zero terms A0 and An´1 with the zero differential. The linear map α : AÑ A
of degree 0 consists of two components α0 : A0 Ñ A0 and αn´1 “ An´1 Ñ An´1. Moreover, the
multiplications µk’s are non-zero only for k “ 2, n ` 1. Two such n-term HA8-algebras pAn´1
0
ÝÑ
0
0
ÝÑ ¨ ¨ ¨
0
ÝÑ 0
0
ÝÑ A0, µ2, µn`1, α0, αn´1q and pAn´1
0
ÝÑ 0
0
ÝÑ ¨ ¨ ¨
0
ÝÑ 0
0
ÝÑ A0, µ
1
2, µ
1
n`1, α0, αn´1q on the
same chain complex and linear map α are said to be equivalent if µ2 “ µ
1
2 and there exists a linear
map σ : pA0q
bn Ñ An´1 satisfying αn´1 ˝ σ “ σ ˝ α
bn
0
and such that
µ1n`1pa1, . . . , an`1q “ µn`1pa1, . . . , an`1q ` µ2pα
n´1
0
pa1q, σpa2, . . . , an`1qq
`
nÿ
i“1
p´1qi σ
`
α0pa1q, . . . , α0pai´1q, µ2pai, ai`1q, α0pai`2q, . . . , α0pan`1q
˘
` p´1qn`1µ2pσpa1, . . . , anq, α
n´1
0
pan`1qq,
for all a1, . . . , an`1 P A0.
We have the following.
4.7. Theorem. There is a one-to-one correspondence between n-term HA8-algebras consisting of
only two non-zero terms A0 and An´1, with d “ 0, and tuples ppA, µ, αq,M, β, ¨, θq, where pA, µ, αq
is a hom-associative algebra, pM,β, ¨q is a hom-bimodule over A and θ is a pn` 1q-cocycle of A with
coefficients in the hom-bimodule.
Moreover, it extends to a one-to-one correspondence between equivalence classes of n-term HA8-
algebras of the above type and the pn` 1q-th Hochschild cohomology Hn`1α,β pA,Mq.
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Proof. Let pAn´1
0
ÝÑ 0
0
ÝÑ ¨ ¨ ¨
0
ÝÑ 0
0
ÝÑ A0, µ2, µn`1, α0, αn´1q be a n-term HA8-algebra of the given
type. It follows from the definition of HA8-algebra that A “ pA0, µ2, α0q is a hom-associative
algebra. Moreover, the maps µ2 : A0 b An´1 Ñ An´1 and µ2 : An´1 b A0 Ñ An´1 defines a
hom-bimodule structure on the vector space M “ An´1 with respect to the linear map β “ αn´1 :
M ÑM . Next, we claim that the map
µn`1 : pA0q
bn`1 Ñ An´1
defines a pn` 1q-cocycle. Note that the condition (2) in the definition of HA8-algebra implies that
ÿ
i`j“n`3
jÿ
λ“1
p´1qλpi`1q`ip|a1|`¨¨¨`|aλ´1|q µj
`
αi´1
0
a1, . . . , α
i´1
0
aλ´1, µipaλ, . . . , aλ`i´1q, . . . , α
i´1
0
an`2
˘
“ 0,
for all a1, . . . , an`2 P A0. The non-zero terms in the above summation occurs for pi “ 2, j “ n` 1q
and pi “ n` 1, j “ 2q. Therefore, we get
n`1ÿ
λ“1
p´1q3λ µn`1
`
α0pa1q, . . . , α0paλ´1q, µ2paλ, aλ`1q, α0paλ`2q, . . . , α0pan`2q
˘
` p´1qn`2µ2
`
µn`1pa1, . . . , an`1q, α
n
0 pan`2q
˘
` µ2
`
αn0 pa1q, µn`1pa2, . . . , an`2q
˘
“ 0,
for all a1, . . . , an`2 P A0. This is equivalent to the fact that µn`1 : pA0q
bn`1 Ñ An´1 defines a
pn ` 1q-cocycle of the hom-associative algebra pA0, µ2, α0q with coefficients in the hom-bimodule
M “ An´1.
The converse part is similar to Theorem 4.6.
The correspondence between the equivalence classes of n-term HA8-algebras of given type and
the pn` 1q-th Hochschild cohomology is also similar to the last part of Theorem 4.6. 
4.2. Strict 2-term HA8-algebras.
4.8. Definition. A 2-term HA8-algebra pA1
d
ÝÑ A0, µ2, µ3, α0, α1q is called strict if µ3 “ 0.
4.9. Example. Let pA, µ, αq be a hom-associative algebra. Take A0 “ A1 “ A, d “ id, µ2 “ µ and
α0 “ α1 “ α. Then pA1
d
ÝÑ A0, µ2, µ3 “ 0, α0, α1q is a strict 2-term HA8-algebra.
Now we introduce crossed module of hom-associative algebras and show that strict 2-term HA8-
algebras are in one-to-one correspondence with crossed module of hom-associative algebras.
4.10.Definition. A crossedmodule of hom-associative algebras consist of a tuple ppA, µA, αAq, pB, µB, αBq, dt, φq
where pA, µA, αAq and pB, µB , αBq are hom-associative algebras, dt : A Ñ B is a hom-associative
algebra morphism and
φ : B bAÑ A, pb,mq ÞÑ φpb,mq,
φ : AbB Ñ A, pm, bq ÞÑ φpm, bq
defines a hom-bimodule structure on A with respect to the linear map αA, such that for m,n P
A, b P B,
dtpφpb,mqq “ µBpb, dtpmqq,
dtpφpm, bqq “ µBpdtpmq, bq,
φpdtpmq, nq “ µApm,nq,
φpm, dtpnqq “ µApm,nq,
φpαBpbq, µApm,nqq “ µApφpb,mq, αApnqq,
φpµApm,nq, αBpbqq “ µApαApmq, φpn, bqq.
4.11. Theorem. There is a one-to-one correspondence between strict 2-term HA8-algebras and
crossed module of hom-associative algebras.
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Proof. Let pA1
d
ÝÑ A0, µ2, µ3 “ 0, α0, α1q be a strict 2-term HA8-algebra. Take B “ A0 with the
multiplication µB “ µ2 : A0 bA0 Ñ A0 and the linear transformation αB “ α0. It follows from (b)
and (h) that pB, µB , αBq is a hom-associative algebra. Take A “ A1 with the multiplication µA is
given by µApm,nq :“ µ2pdm, nq “ µ2pm, dnq, for m,n P A1, and the linear transformation αA “ α1.
By condition (c) we have
αApµApm,nqq “ α1pµ2pdm, nqq “ µ2
`
α0pdmq, α1pnq
˘
“ µ2
`
dpα1mq, α1pnq
˘
“ µA
`
α1pmq, α1pnq
˘
,
which implies that αA is an algebra morphism with respect to µA. Moreover,
µApαApmq, µApn, pqq ´ µApµApm,nq, αAppqq
“ µ2pdα1pmq, µ2pdn, pqq ´ µ2pdµ2pdm, nq, α1ppqq
“ µ2pα0pdmq, µ2pdn, pqq ´ µ2pµ2pdm, dnq, α1ppqq pby (e)q
“ 0 pby (i1)q.
This shows that pA, µA, αAq is a hom-associative algebra.
Take dt “ d : A1 Ñ A0. It commute with the linear transformations. Moreover, we have
dpµApm,nqq “ dpµ2pdm, nqq “ µ2pdm, dnq “ µBpdm, dnq, for m,n P A1 “ A.
Hence, dt is a morphism of hom-associative algebras. Finally, we define
φ : B bAÑ A, pb,mq ÞÑ φpb,mq “ µ2pb,mq,
φ : AbB Ñ A, pm, bq ÞÑ φpm, bq “ µ2pm, bq, for b P B,m P A.
By using (i1), (i2) and (i3), it is easy to see that φ defines a hom-bimodule structure on A with
respect to the linear map αA. Moreover,
dtpφpb,mqq “ dpµ2pb,mqq “ µ2pb, dmq, (by (e))
dtpφpm, bqq “ dpµ2pm, bqq “ µ2pdm, bq, (by (f))
φpdtpmq, nq “ µ2pdm, nq “ µApm,nq,
φpm, dtpnqq “ µ2pm, dnq “ µApm,nq,
φpαBpaq, µApm,nqq “ µ2pα0paq, µ2pdm, nqq “ µ2pµ2pa, dmq, α1pnqq “ µApφpa,mq, αApnqq,
(by (i1) and (e))
and
φpφApm,nq, αBpaqq “ µ2pµ2pm, dnq, α0paqq “ µ2pα1pmq, µ2pdn, aqq “ µApαApmq, φpn, aqq,
(by (i3) and (f)).
Therefore, pA,B, dt, φq is a crossed module of hom-associative algebras.
Conversely, given a crossed module of hom-associative algebras ppA, µA, αAq, pB, µB , αBq, dt, φq,
we can construct a strict 2-term HA8-algebra as follows. Take A1 “ A, A0 “ B and dt : AÑ B is
the chain map d : A1 Ñ A0. The structure map µ2 : Ai bAj Ñ Ai`j is given by
µ2pb, b
1q “ µBpb, b
1q, µ2pb,mq “ φpb,mq, µ2pm, bq “ φpm, bq and µ2pm,nq “ 0,
for b, b1 P A0 “ B, and m,n P A1 “ A. The homomorphisms α1 : A1 Ñ A1 and α0 : A0 Ñ A0 are
given by α1 “ αA and α0 “ αB. It is easy to verify that these structures gives rise to a strict 2-term
HA8-algebra structure pA1
d
ÝÑ A0, µ2, µ3 “ 0, α0, α1q. 
Note that the crossed module corresponding to the strict 2-term HA8-algebra of Example 4.9 is
given by ppA, µ, αq, pA, µ, αq, id, µq.
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5. Hom-associative 2-algebras
Let Vect denote the category of vector spaces over R. A 2-vector space is a category internal
to the category Vect. Thus, a 2-vector space C is a category with a vector space of objects C0
and a vector space of arrows (morphisms) C1, such that all the structure maps are linear. Let
s, t : C1 Ñ C0 be the source and target map respectively, i : C0 Ñ C1 be the identity assigning
map. A morphism of 2-vector spaces is a functor internal to the category Vect. More precisely, a
morphism (linear functor) F : C Ñ C 1 between 2-vector spaces consist of linear maps F0 : C0 Ñ C
1
0
and F1 : C1 Ñ C
1
1 commute with structure maps. We denote the category of 2-vector spaces by
2-Vect. Given a 2-vector space C “ pC1 Ñ C0q, we have a 2-term complex
ker psq
t
ÝÑ C0.(11)
A morphism F : C Ñ C 1 of 2-vector spaces induce a morphism between corresponding 2-term chain
complexes. Conversely, any 2-term complex A1
d
ÝÑ A0 gives rise to a 2-vector space
V “ pA0 ‘A1 Ñ A0q(12)
of which the set of objects is A0 and the set of morphisms is A0‘A1. The structure maps are given
by spa,mq “ a, tpa,mq “ a ` dm and ipaq “ pa, 0q. A morphism between 2-term chain complexes
induce a morphism between corresponding 2-vector spaces.
We denote the category of 2-term complexes of real vector spaces by 2-Term. Then there is an
equivalence of categories
2-Term » 2-Vect.
See [3] for more details. In [3] the authors also introduced Lie 2-algebras as categorification of Lie
algebras. They showed that the category of 2-term L8-algebras and the category of Lie 2-algebras
are equivalent. In [21] the authors proved a similar result in the context of hom-Lie algebras. More
precisely, they introduced HL8-algebras as well as hom-Lie 2-algebras and showed that the category
of 2-term HL8-algebras and the category of hom-Lie 2-algebras are equivalent.
In the previous section, we have studied HA8-algebra structures on a 2-term complex. In this
section, we introduce hom-associative 2-algebra structures on a 2-vector space. Finally, we show that
the category of 2-term HA8-algebras and the category of hom-associative 2-algebras are equivalent.
5.1. Definition. A hom-associative 2-algebra is a 2-vector space C equipped with
‚ a bilinear functor µ : C b C Ñ C,
‚ a linear functor Φ “ pΦ0,Φ1q : C Ñ C satisfying
Φpµpξ, ηqq “ µpΦpξq,Φpηqq, for all ξ, η P C,
‚ a trilinear natural isomorphism, called the hom-associator
Aξ,η,ζ : µpµpξ, ηq,Φpζqq Ñ µpΦpξq, µpη, ζqq
satisfying
AΦ0pξq,Φ0pηq,Φ0pζq “ Φ1Aξ,η,ζ
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and such that the following identity is satisfied
µ
`
µpµpξ, ηq,Φ0pζqq, Φ
2
0pλq
˘
Aξ,η,ζ
uu❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
Aµpξ,ηq,Φ0pζq,Φ0pλq
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
µ
`
µpΦ0pξq, µpη, ζqq, Φ
2
0pλq
˘
AΦ0pξq,µpη,ζq,Φ0 pλq

µ
`
Φ0pµpξ, ηqq, µpΦ0pζq,Φ0pλqq
˘
id

µ
`
Φ20pξq, µpµpη, ζq,Φ0pλqq
˘
Aη,ζ,λ
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
µ
`
µpΦ0pξq,Φ0pηqq, Φ0pµpζ, λqq
˘
AΦ0pξq,Φ0pηq,µpζ,λq
uu❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
µ
`
Φ20pξq, µpΦ0pηq, µpζ, λqq
˘
A hom-associative 2-algebra as above may be denoted by pC, µ,Φ,Aq. A hom-associative 2-algebra
is called strict if the hom-associator is the identity isomorphism.
5.2. Definition. Let pC, µ,Φ,Aq and pC 1, µ1,Φ1,A1q be two hom-associative 2-algebra. A hom-
associative 2-algebra morphism consists of
‚ a linear functor pF0, F1q from the underlying 2-vector space C to C
1 such that
Φ1 ˝ pF0, F1q “ pF0, F1q ˝ Φ,
‚ a bilinear natural transformation
F2pξ, ηq : µ
1pF0pξq, F0pηqq Ñ F0pµpξ, ηqq
satisfying F2pΦ0pξq,Φ0pηqq “ Φ
1
1pF2pξ, ηqq and such that the following diagram commute
µ1
`
µ1pF0pξq, F0pηqq, Φ
1pF0pζqq
˘
F2pξ,ηq
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
A
1
F0pξq,F0pηq,F0pζq
uu❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦❦
❦
µ1
`
Φ1pF0pξqq, µ
1pF0pηq, F0pζqq
˘
F2pη,ζq

µ1
`
F0pµpξ, ηqq, F0pΦpζqq
˘
F2
`
µpξ,ηq,Φpζq
˘

µ1
`
F0pΦpξqq, F0pµpη, ζqq
˘
F2
`
Φpξq,µpη,ζq
˘
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
F0
`
µpµpξ, ηq,Φpζqq
˘
Aξ,η,ζ
uu❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
F0
`
µpΦpξq, µpη, ζqq
˘
The composition of two hom-associative 2-algebra morphisms is again a hom-associative 2-algebra
morphism. More precisely, let C,C 1 and C2 be three hom-associative 2-algebras and F : C Ñ C 1,
G : C 1 Ñ C2 be hom-associative 2-algebra morphisms. Their composition G ˝F : C Ñ C2 is a hom-
associative 2-algebra morphism whose components are given by pG˝F q0 “ G0˝F0, pG˝F q1 “ G1˝F1
and pG ˝ F q2 is given by
µ2pG0 ˝ F0pξq, G0 ˝ F0pηqq
G2pF0pξq,F0pηqq **❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
pG˝F q2pξ,ηq
// pG0 ˝ F0qpµpξ, ηqq
G0p µ
1pF0pξq, F0pηqq q
G0pF2pξ,ηqq
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
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For any hom-associative 2-algebra C, the identity morphism idC : C Ñ C is given by the identity
functor as its linear functor together with the identity natural transformation as pidCq2.
Therefore, we obtain the following result.
5.3. Proposition. Hom-associative 2-algebras and hom-associative 2-algebra morphisms form a cat-
egory. We denote this category by HAss2.
We now prove the main result of this section.
5.4. Theorem. The categories 2HA8 and HAss2 are equivalent.
Proof. First we construct a functor T : 2HA8 Ñ HAss2 as follows. Given a 2-term HA8-algebra
A “ pA1
d
ÝÑ A0, µ2, µ3, α0, α1q, we have the 2-vector space C “ pA0 ‘ A1 Ñ A0q as defined by (12).
Define a bilinear functor µ : C b C Ñ C by
µ
`
pa,mq, pb, nq
˘
“
`
µ2pa, bq, µ2pa, nq ` µ2pm, bq ` µ2pdm, nq
˘
,
for pa,mq, pb, nq P C1 “ A0‘A1. The linear functor Φ : C Ñ C is given by Φ “ pΦ0,Φ1q :“ pα0, α1q.
Moreover, We have
Φ
`
µppa,mq, pb, nqq
˘
“
`
α0µ2pa, bq, α1pµ2pa, nq ` µ2pm, bq ` µ2pdm, nqq
˘
“
`
µ2pα0a, α0bq, µ2pα0a, α1nq ` µ2pα1m,α0bq ` µ2pdα0m,α1nq
˘
“ µ
`
pα0a, α1mq, pα0b, α1nq
˘
“ µ
`
Φpa,mq,Φpb, nq
˘
.
Define the hom-associator by
Aa,b,c “
`
µpµpa, bq, α0pcqq, µ3pa, b, cq
˘
.
Note that
AΦ0paq,Φ0pbq,Φ0pcq “
`
µpµpα0a, α0bq, α
2
0pcqq, µ3pα0a, α0b, α0cq
˘
“
`
α0µpµpa, bq, α0pcqq, α1µ3pa, b, cq
˘
“ Φ1Aa,b,c.
By using identities (a)-(j), one can also verify that the diagram in the Definition 5.1 commutes.
Therefore, pC, µ,A,Φq is a hom-associative 2-algebra.
For any HA8-morphism f “ pf0, f1, f2q from A to A
1, we define a morphism F from C “ T pAq
to C 1 “ T pA1q as follows. Take F0 “ f0, F1 “ f1 and
F2pa, bq “
`
µ1pf0paq, f0pbqq, f2pa, bq
˘
.
It is easy to verify that F is a morphism from C to C 1. Moreover, one can verify that T preserves
the identity morphisms and the composition of morphisms. Therefore, T is a functor from 2HA8
to HAss2.
In the next, we construct a functor S : HAss2 Ñ 2HA8 as follows. Given a hom-associative
2-algebra C “ pC1 Ñ C0, µ,Φ,Aq, we have the 2-term chain complex
A1 “ ker s
d“t|kers
ÝÝÝÝÝÑ C0 “ A0
as defined by (11). Define µ2 : Ai bAj Ñ Ai`j by
µ2pa, bq “ µpa, bq, µ2pa,mq “ µpipaq,mq, µ2pm, aq “ µpm, ipaqq and µ2pm,nq “ 0.
The map µ3 : A0 bA0 bA0 Ñ A1 is defined by
µ3pa, b, cq “ Aa,b,c ´ ipspAa,b,cqq, for a, b, c P A0.
Define the homomorphism α0 and α1 by α0 “ Φ0 : A0p“ L0q Ñ A0 and α1 “ Φ1|A1“ker s : V1 Ñ V1.
Since Φ is a functor, we have α0 ˝ d “ d ˝ α1. Note that, since AΦ0paq,Φ0pbq,Φ0pcq “ Φ1Aa,b,c,
we have α1µ3pa, b, cq “ µ3pα0paq, α0pbq, α0pcqq. Then it is easy to verify that the tuple pA1
d
ÝÑ
A0, µ2, µ3, α0, α1q defines a 2-term HA8-algebra.
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For any hom-associative 2-algebra morphism F “ pF0, F1, F2q : C Ñ C
1, we define a HA8-
morphism SpF q “ f “ pf0, f1, f2q from SpCq to SpC
1q as follows. Take f0 “ F0, f1 “ F1|V1“ker s
and define f2 by
f2pa, bq “ F2pa, bq ´ ipsF2pa, bqq.
It is easy to verify that f is a HA8-morphism. Moreover, S preserves the identity morphism and
the composition of morphisms. Therefore, S is a functor from HAss2 to 2HA8.
It remains to prove that the composite functor T ˝ S is naturally isomorphic to the identity
functor 1HAss2, and the composite S ˝T is naturally isomorphic to 12HA8 . Given a hom-associative
2-algebra C “ pC, µ,Φ,Aq, the corresponding 2-term HA8-algebra SpCq is given by
pA1 “ ker s
d“t|ker s
ÝÝÝÝÝÝÑ A0, µ2, µ3, α0, α1q.
Therefore, the hom-associative 2-algebra T pSpCqq :“ pC 1, µ1,Φ1,A1q is given by C 1 :“ pA0 ‘ A1 Ñ
A0q. Define θ : T ˝ S Ñ 1HAss2 by
θC : T ˝ SpCq “ C
1 Ñ C “ 1HAss2pCq
with pθCq0paq “ a, pθCq1pa,mq “ ipaq ` m. It is obvious that θC is an isomorphism of 2-vector
spaces.
Moreover, we have
θC
`
µ1ppa,mq, pb, nqq
˘
“ θC
`
µ2pa, bq, µ2pa, nq ` µ2pm, bq ` µ2pdm, nq
˘
“ θC
`
µpa, bq, µpipaq, nq ` µpm, ipbqq ` µpipdmq, nq
˘
“ ipµpa, bqq ` µpipaq, nq ` µpm, ipbqq ` µpipdmq, nq
“ µpipaq, ipbqq ` µpipaq, nq ` µpm, ipbqq ` µpm,nq
“ µpipaq `m, ipbq ` nq
“ µ
`
θCpa,mq, θCpb, nq
˘
.
This shows that θC is a hom-associative 2-algebra morphism. Thus, θC is an isomorphism of hom-
associative 2-algebras. It is easy to see that it is a natural isomorphism.
For any 2-term HA8-algebra A “ pA1
d
ÝÑ A0, µ2, µ3, α0, α1q, the corresponding hom-associative
2-algebra T pAq is given by
T pAq “ pA0 ‘A1 Ñ A0, µ,Φ,Aq.
If we apply the functor S to T pAq, we get back the same 2-term HA8-algebra A. Therefore, the
natural isomorphism ϑ : S ˝ T Ñ 12HA8 is given by the identity. Hence, the proof. 
The above theorem can be strengthen in the world of 2-category. More precisely, one can define
a notion of 2-morphism between two morphisms in 2HA8. In fact, the whole data makes 2HA8
into a strict 2-category. Similarly, one can make HAss2 into a strict 2-category. Finally, one can
prove that the 2-categories 2HA8 and HAss2 are 2-equivalent. A similar equivalence between the
2-categories of ‘2-term L8-algebras’ and ‘Lie 2-algebras’ has been proved in [3].
6. Cohomology and deformations of HA8-algebras
In this section, we define Hochschild cohomology of HA8-algebras. This cohomology controls the
formal deformation of the structure.
6.1. Cohomology. We fix an HA8-algebra A “ pA, µk, αq.
6.1. Definition. A left HA8-module over A consists of a graded vector space M together with
‚ a collection tηk| 1 ď k ă 8u of multilinear maps ηk : b
k´1AbM ÑM with deg pηkq “ k´2,
‚ a linear map β :M ÑM of degree 0 with
β
`
ηkpa1, . . . , ak´1,mq
˘
“ ηk
`
αpa1q, . . . , αpak´1q, βpmq
˘
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such that for all n ě 1,
ÿ
i`j“n`1
jÿ
λ“1
p´1qλpi`1q`ip|a1|`¨¨¨`|aλ´1|q ηj
`
γi´1a1, . . . , γ
i´1aλ´1, ηipaλ, . . . , aλ`i´1q,(13)
γi´1aλ`i, . . . , γ
i´1an
˘
“ 0,
for a1, . . . , an´1 P A and an PM .
Note that in the above definition we use the following conventions. If λ ă j, that is, λ` i´1 ă n,
ηj
`
γi´1a1, . . . , γ
i´1aλ´1, ηipaλ, . . . , aλ`i´1q, γ
i´1aλ`i, . . . , γ
i´1an
˘
“ ηj
`
αi´1a1, . . . , α
i´1aλ´1, µipaλ, . . . , aλ`i´1q, α
i´1aλ`i, . . . , β
i´1an
˘
.
If λ “ j, that is, aλ`i´1 “ an, we use
ηj
`
γi´1a1, . . . , γ
i´1aλ´1, ηipaλ, . . . , aλ`i´1q, γ
i´1aλ`i, . . . , γ
i´1an
˘
“ ηj
`
αi´1a1, . . . , α
i´1aj´1, ηipaj , . . . , anq
˘
.
It is easy to observe that M “ A is a left HA8-module over itself with ηk “ µk and β “ α. One
can also define a right HA8-module. The notion of a HA8-bimodule is also not hard to define. For
a graded vector space M , we denote
JkA,M “ ‘i`j“k´1
“
Abi bM bAbj
‰
.
6.2. Definition. An HA8-bimodule over A consists of a graded vector space M together with
‚ a collection tηk|1 ď k ă 8u of multilinear maps ηk : J
k
A,M ÑM with deg pηkq “ k ´ 2,
‚ a linear map β :M ÑM of degree 0 satisfying
βpηkpa1, . . . , akqq “ ηkpγpa1q, . . . , γpakqq
and such that for all n ě 1, the identity (13) is hold, for all pa1, . . . , anq P J
n
A,M .
As before, we have used the following conventions in the above definition:
(i) whenever some ai P A, by γ
jpaiq, we mean α
jpaiq,
(ii) whenever some ai PM , by γ
jpaiq, we mean β
jpajq,
(iii) whenever paλ, . . . , aλ`i´1q P A
bi, by ηipaλ, . . . , aλ`i´1q, we mean µipaλ, . . . , aλ`i´1q,
It is easy to see that A is an HA8-bimodule over itself. The notion of HA8r1s-module and
HA8r1s-bimodule can be defined in a similar way. They are related to HA8-module and HA8-
bimodule by a degree shift. Next, we introduce Hochschild cohomology of an HA8-algebra with
coefficients in itself. As a motivation, we first give an equivalent description of Hochschild cohomol-
ogy of a hom-associative algebra described in subsection 2.1.
Let pA, µ, αq be a hom-associative algebra. It can be considered as a HA8-algebra whose under-
lying graded vector space (denoted by the same symbol A) is concentrated in degree 0. Consider
the suspension V “ sA which is concentrated in degree 1. The map α : A Ñ A induces a degree 0
map α : V Ñ V and the multiplication µ on A induces a multiplication (also denoted by the same
symbol) µ : V b2 Ñ V of degree ´1 satisfying
µpαpsaq b αpsbqq “ αpµpsab sbqq.
Hence, it induces an element rµ P Coder´1α pTV q. The hom-associativity of µ implies that rµ ˝ rµ “ 0.
Moreover, we observe that if f P CnαpA,Aq, it can be considered as a map f : V
bn Ñ V of degree
´pn´ 1q satisfying
fpαpsa1q b ¨ ¨ ¨ b αpsanqq “ αpfpsa1 b ¨ ¨ ¨ b sanqq.
Therefore, it lifts to a coderivation rf P Coder´pn´1qα pTV q. In fact, we get an isomorphism
‘C‚αpA,Aq – ‘Coder
´p‚´1q
α pTV q, f ÞÑ
rf.
Moreover, for f P CnαpA,Aq, the Hochschild coboundary is given by
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Čδαpfq “ rrµ, rfs “ rµ ˝ rf ´ p´1qpn´1q rf ˝ rµ,
where on the right hand side, we have used the graded Lie bracket on coderivations.
Let pA, µk, αq be anHA8-algebra with the corresponding coderivation is given byD P Coder
´1
α pTV q.
The Hochschild cochain complex of A with coefficients in itself is given by
`
C‚αpA,Aq, δα
˘
, where
C‚αpA,Aq “ Coder
´p‚´1qpTV q and
δαpD
1q :“ rD,D1s “ D ˝D1 ´ p´1q|D
1|D1 ˝D, for D1 P Coder|D
1|
α pTV q.
Since D ˝D “ 0, it follows that
δ2αpD
1q “ rD,D ˝D1 ´ p´1q|D
1|D1 ˝Ds
“ D ˝D ˝D1 ´ p´1q|D
1|D ˝D1 ˝D ´ p´1q|D
1|`1D ˝D1 ˝D ` p´1q|D
1|`|D1|`1D1 ˝D ˝D “ 0.
One may also define the Hochschild cohomology of an HA8-algebra with coefficients in an arbi-
trary HA8-bimodule. See [22] for the basic idea of the Hochschild cohomology of an A8-algebra
with coefficients in a bimodule.
It is known that the Hochschild cohomology of an associative algebra carries a Gerstenhaber
algebra structure [8]. This result has been extended by Getzler and Jones to A8-algebras [10].
Recently, the present author shows that the Hochschild cohomology H‚αpA,Aq of a hom-associative
algebra also carries a similar structure [5,6]. More precisely, given a hom-associative algebra pA, µ, αq,
there is a degree ´1 graded Lie bracket on C‚αpA,Aq given by
rf, gs “ f ˝ g ´ p´1qpp´1qpq´1qg ˝ f, for f P CpαpA,Aq, g P C
q
αpA,Aq,
where pf ˝ gq is given by
pf ˝ gqpa1, . . . , ap`q´1q “
řp
i“1p´1q
pi´1qpq´1q fpαq´1a1, . . . , gpai, . . . , ai`q´1q, . . . , α
q´1ap`q´1q,
for a1, . . . , ap`q´1 P A (see [2,5]). There is also a cup-product Yα on C
‚
αpA,Aq defined by
pf Yα gqpa1, . . . , ap`qq “ µ
`
αq´1fpa1, . . . , amq, α
p´1gpam`1, . . . , am`nq
˘
.
Then the bracket and the cup-product on C‚αpA,Aq induces a Gerstenhaber algebra structure on the
cohomology H‚αpA,Aq [5].
Motivated from the result of [10] and [5], we now prove that the Hochschild cohomology of an
HA8-algebra carries a Gerstenhaber structure. Since the main steps of the proof are similar to the
proof of [10], we only define the components of the Gerstenhaber structure on the cohomology.
Let A be a graded vector space and α : A Ñ A be a linear map of degree 0. Then α induces
a degree 0 map (denoted by the same symbol) α : V Ñ V , where V “ sA. We know that the
graded space Coder‚αpTV q carries a graded Lie algebra structure (see subsection 3.2). Therefore, the
graded vector space C‚αpA,Aq “ Coder
´p‚´1q
α pTV q inherits a degree ´1 graded Lie bracket. More
precisely, let D P CpαpA,Aq and D
1 P CqαpA,Aq. Then D “
ř
ně1 Ă̺n and D1 “ řmě1 Ăσm, where each
̺n : V
bn Ñ V is a map of degree ´pp ´ 1q and each σm : V
bm Ñ V is a map of degree ´pq ´ 1q.
For ̺n : V
bn Ñ V and σm : V
bm Ñ V , we define ̺n ˝ σm : V
n`m´1 Ñ V by
p̺n ˝ σmqpv1, . . . , vn`m´1q “
nÿ
i“1
p´1qp
ři´1
l“1 |vl|qpq´1q ̺n
`
αm´1v1, . . . , σmpvi, . . . , vi`m´1q,
. . . , αm´1vn`m´1
˘
.
Define D ˝D1 “
ř
kě1
ř
n`m´1“k Č̺n ˝ σm. The degree ´1 graded Lie bracket on C‚αpA,Aq is given
by
rD,D1s “ D ˝D1 ´ p´1qpp´1qpq´1qD1 ˝D.
Next, we asuume that pA, µk, αq be an HA8-algebra with the corresponding coderivation D “ř
ně1 Ă̺n P C2αpA,Aq “ Coder´1α pTV q. For any D1, D2 P C‚αpA,Aq, we have
δαprD
1, D2sq “ rD, rD1, D2ss “ rrD,D1s, D2s ` p´1qpq´1q rD1, rD,D2ss
“ rδαpD
1q, D2s ` p´1qpq´1q rD1, δαpD
2qs,
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for D1 P CqαpA,Aq. This shows that the degree ´1 graded Lie bracket on C
‚
αpA,Aq induces a degree
´1 graded Lie bracket on the cohomology H‚αpA,Aq. We can also define a cup-product Mp´,´q on
C‚αpA,Aq as follows. For D
1 “
ř
mě1 Ăσm P CqαpA,Aq and D2 “ řně1 rτn P CrαpA,Aq, define
MpD1, D2q “
ÿ
lě1
ÿ
m`n`k“l,iě1,i`mďjďm`k,kě0
Č̺k`2pid, . . . , id, σm, id, . . . , id, τn, id, . . . , idq,
where
̺k`2pid, . . . , id, σm, id, . . . , id, τn, id, . . . , idqpv1, . . . , vm`n`kq
“ p´1qψ ̺k`2
`
αm`n´2v1, . . . , α
n´1σmpvi, . . . , vi`m´1q, . . . , α
m´1τnpvj , . . . , vj`n´1q,
. . . , αm`n´2vm`n`k
˘
with ψ “ pq ´ 1qp
ři´1
l“1 |vl|q ` pr ´ 1q
`řj´1
l“1 |vl|
˘
.
Note that, unlike the case of associative algebra or hom-associative algebra, the above defined
cup-product is not associative in general. In fact, Getzler and Jones showed that the Hochschild
cochains C‚pA,Aq of an A8-algebra inherits an A8-algebra structure [10]. More precisely, they
considered a system of braces t´ut´, . . . ,´u on C‚pA,Aq. The A8-algebra structure on C
‚pA,Aq
is then given by
ψkpD1, . . . , Dkq “ tDutD1, . . . , Dku.
In our case of an HA8-algebra, we may also consider braces t´ut´, . . . ,´u on C
‚
αpA,Aq suitably
twisted by α, which will induce an A8-algebra structure on C
‚
αpA,Aq. (A detailed description for
the braces on a non-graded vector space A together with a linear map α : A Ñ A is given in
[6]). Therefore, the cohomology (which is the Hochschild cohomology H‚αpA,Aq) carries a graded
associative algebra structure. Finally, a similar observation made in Getzler and Jones [10] (see
[5] for the calculation of hom-associative algebra case) one can prove that the induced associative
product on the cohomology is graded commutative as well. Moreover, the degree ´1 graded Lie
bracket and the product on the cohomology turns out to satisfy the graded Leibniz rule. Thus, we
get the following.
6.3. Theorem. Let pA, µk, αq be a HA8-algebra. Then its Hochschild cohomology H
‚
αpA,Aq carries
a Gerstenhaber algebra structure.
6.2. Deformations. Let pA, µk, αq be an HA8-algebra with the corresponding coderivation D P
Coder´1α pTV q, where V “ sA. A formal one parameter deformation of A is given by a formal sum
Dt “ D ` tD1 ` t
2D2 ` ¨ ¨ ¨ P Coder
´1
α pTV qrrtss,
such that Dt ˝Dt “ 0. This is equivalent to a system of equations
D ˝D “ 0,
D ˝D1 `D1 ˝D “ 0,
¨ ¨ ¨
D ˝Dn `D1 ˝Dn´1 ` ¨ ¨ ¨ `Dn´1 ˝D1 `Dn ˝D “ 0,
¨ ¨ ¨ .
The first equation corresponds to the given HA8-algebra structure on A. The second equation
implies that δαpD1q “ 0. This shows that D1 is a 2-cocycle in the Hochschild cohomology of A.
The 2-cocycle D1 is called the infinitesimal of the deformation Dt. More generally, if D1 “ D2 “
¨ ¨ ¨ “ Dn´1 “ 0 and Dn is non-zero, then Dn is a 2-cocycle and is called the n-infinitesimal of the
deformation Dt.
6.4. Definition. Two deformations Dt “ D `
ř
iě1 t
iDi and rDt “ D `řiě1 ti rDi are said to be
equivalent if there is a formal sum
Φt “ Φ0 ` tΦ1 ` t
2Φ2 ` ¨ ¨ ¨ P Coder
0
αpTV qrrtss
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with Φ0 “ id and such that Dt ˝ Φt “ Φt ˝ rDt.
By equating coeffcients of t0 and t1 in both sides, we obtain
D ˝ Φ0 “ Φ0 ˝D,
D ˝ Φ1 `D1 “ rD1 ` Φ1 ˝D.
The first equation holds automatically as Φ0 “ id, while the second equation implies that D1´ rD1 “
´δαpΦ1q. This shows that infinitesimals of equivalent deformations are cohomologous. That is, they
gives rise to same cohomology class in H2αpA,Aq.
6.5. Definition. A deformation Dt “ D `
ř
iě1 t
iDi of A is called trivial if Dt is equivalent to the
deformation rDt “ D. An HA8-algebra A is called rigid if any deformation of A is trivial.
6.6. Proposition. Let Dt “ D `
ř
iě1 t
iDi be a deformation of A. Then Dt is equivalent to some
deformation rDt “ D ` tp rDp ` tp`1 rDp`1 ` ¨ ¨ ¨
in which the first non-vanishing term rDp is in Z2αpA,Aq but not in B2αpA,Aq.
Proof. Let Dt “ D`
ř
iě1 t
iDi be a deformation such that D1 “ ¨ ¨ ¨ “ Dn´1 “ 0 and Dn is the first
non-zero term. Then it has been shown that Dn P Z
2
αpA,Aq is a Hochschild 2-cocycle. If Dn is not
in B2αpA,Aq, we are done. If Dn is in B
2
αpA,Aq, that is, Dn “ ´δαpΦnq, for some Φn P C
1
αpA,Aq,
then setting
Φt “ id` t
nΦn.
We define Dt “ Φ
´1
t ˝Dt ˝ Φt. Then Dt defines a formal deformation of the form
Dt “ D ` t
n`1Dn`1 ` t
n`2Dn`2 ` ¨ ¨ ¨ .
Thus, it follows that Dn`1 is a 2-cocycle. If this 2-cocycle is not in B
2
αpA,Aq, we are done. If this is
coboundary, we can apply the same method again. In this way, we get a required type of equivalent
deformation. 
As a corollary, we get the following.
6.7. Theorem. If H2αpA,Aq “ 0, then A is rigid.
Let pA, µk, αq be a HA8-algebra. A deformation of A of order n is of the formDt “ D`
řn
i“1 t
iDi
such that pDtq
2 “ 0. Next, we shall consider the problem of extending a deformation of order n to
a deformation of order n` 1. Suppose there is a coderivation Dn`1 P Coder
´1
α pTV q such thatrDt “ Dt ` tn`1Dn`1
is a deformation of order n` 1. Then we say that Dt extends to a deformation of order n` 1.
Since we assume that Dt “ D `
řn
i“1 t
iDi is a deformation, we have
D ˝Di `D1 ˝Di´1 ` ¨ ¨ ¨ `Di´1 ˝D1 `Di ˝D “ 0, for i “ 1, 2, . . . , n.(14)
Here we use the convention that D0 “ D. For rDt “ Dt ` tn`1Dn`1 to be a deformation, one more
condition need to satisfy, namely,
D ˝Dn`1 `D1 ˝Dn ` ¨ ¨ ¨ `Dn ˝D1 `Dn`1 ˝D “ 0.
In other words, Dn`1 must satisfy
δαpDn`1q “ ´
řn
i“1Di ˝Dn`1´i.
The right hand side of the above equation is called the obstruction to extend the deformation Dt to
a deformation of order n` 1.
6.8. Proposition. The obstruction is a Hochschild 3-cocycle, that is,
δα
`
´
řn
i“1Di ˝Dn`1´i
˘
“ 0.
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Proof. Note that tD,D1, . . . , Dnu satisfy a system of relations (14). Therefore, it follows that (by
pre-compose and post-compose the i-th relation by Dn`1´i)
Ai :“ D ˝Di ˝Dn`1´i `D1 ˝Di´1 ˝Dn`1´i ` ¨ ¨ ¨ `Di´1 ˝D1 ˝Dn`1´i `Di ˝D ˝Dn`1´i “ 0,
Bi :“ Dn`1´i ˝D ˝Di `Dn`1´i ˝D1 ˝Di´1 ` ¨ ¨ ¨ `Dn`1´i ˝Di´1 ˝D1 `Dn`1´i ˝Di ˝D “ 0,
for i “ 1, 2, . . . , n. Hence, we have
nÿ
i“1
Ai ´
nÿ
i“1
Bi “ 0.(15)
By an easy observation (after cancelling terms) shows that
nÿ
i“1
Ai ´
nÿ
i“1
Bi “
nÿ
i“1
D ˝Di ˝Dn`1´i ´
nÿ
i“1
Dn`1´i ˝Di ˝D
“ rD,
nÿ
i“1
Di ˝Dn`1´is “ δα
` nÿ
i“1
Di ˝Dn`1´i
˘
.
Hence, the result follows from Equation (15). 
It follows from the above proposition that the obstruction defines a cohomology class in H3αpA,Aq.
If this cohomology class is zero, then the obstruction is given by a coboundary (say δαpDn`1q). In
other words, rDt “ Dt ` tn`1Dn`1 defines a deformation of order n` 1.
In view of this, we get the following.
6.9. Theorem. If H3αpA,Aq “ 0, every deformation of order n can be extended to deformation of
order n` 1.
7. Strongly homotopy hom-Lie algebras
In this section, we first recall the definition ofHL8-algebra introduced in [21]. We give some other
equivalent descriptions of HL8-algebras. An appropriate skew-symmetrization of HA8-algebras
give rise to HL8-algebras. Finally, we define module over HL8-algebras and Chevalley-Eilenberg
cohomology.
7.1. HL8-algebras.
7.1. Definition. An HL8-algebra is a graded vector space L “ ‘Li together with
(i) a collection tlk| 1 ď k ă 8u of skew-symmetric multilinear maps lk : L
bk Ñ L with
deg plkq “ k ´ 2,
(ii) a linear map α : LÑ L of degree 0 with
α
`
lkpa1, . . . , akq
˘
“ lk
`
αpa1q, . . . , αpakq
˘
such that for all n ě 1,ÿ
i`j“n`1
ÿ
σ
χpσq p´1qipj´1q lj
`
lipaσp1q, . . . , aσpiqq, α
i´1aσpi`1q, . . . , α
i´1aσpnq
˘
“ 0,(16)
for all a1, . . . , an P L, and σ runs over all pi, n´ iq unshuffles with i ě 1.
An HL8-algebra as above is denoted by pL, lk, αq. When α “ identity, one gets the definition
of an L8-algebra. When L is a vector space considered as a graded vector space concentrated in
degree 0, we get hom-Lie algebras [11].
The above definition of an HL8-algebra has the following consequences. For n “ 1, we have
l21 “ 0, which means that the degree ´1 map l1 : V Ñ V is a differential. Therefore, pL, l1q is a
chain complex. If we write l2 “ r´,´s, then this bracket is graded skew-symmetric and satisfies (for
n “ 2)
l1ra, bs “ rl1paq, bs ` p´1q
|a|ra, l1pbqs, for a, b P L.
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It says that the differential l1 is a graded derivation for the bracket r´,´s. For n “ 3, we have
p´1q|a||c|rra, bs, αpcqs ` p´1q|b||a|rrb, cs, αpaqs ` p´1q|c||b|rrc, as, αpbqs
“ p´1q|a||c|`1
"
l1
`
l3pa, b, cq
˘
` l3
`
l1paq, b, c
˘
` p´1q|a|l3
`
a, l1pbq, c
˘
` p´1q|a|`|b|l3
`
a, b, l1pcq
˘*
.
Therefore, the graded skew-symmetric product l2 does not satisfy (in general) the graded hom-Jacobi
identity. However, it does satisfy up to a term involving l3. Similarly, for higher n, we get higher
coherence laws that lk’s must satisfy. It is now easy to see that a graded hom-Lie algebra is an
HL8-algebra with lk “ 0, for k ‰ 2, and, a DG hom-Lie algebra is an HL8-algebra with lk “ 0,
for k ě 3.
It also follows from the above observation that the homology H˚pLq “ H˚pL, l1q of an HL8-
algebra pL, lk, αq carries a graded hom-Lie algebra.
7.2. Example. Let pL, lkq be an L8-algebra and α : L Ñ L be a degree 0 map satisfying α ˝ lk “
lk ˝α
bk, for all k ě 1. Such a map α is called a strict morphism. If α : LÑ L is a strict morphism,
then pL, αk´1 ˝ lk, αq is an HL8-algebra.
7.3. Remark. In [21] Sheng and Chen studied 2-term HL8-algebras in details. Motivated from
the paper of Baez and Crans [3], they introduced hom-Lie 2-algebras and show that the category of
2-term HL8-algebras and the category of hom-Lie 2-algebras are equivalent [21, Theorem 3.9].
7.4. Remark. In this respect, we also mention the following. Like any Lie algebra gives rise to
a solution of the Yang-Baxter equation, any Lie 2-algebra gives a solution of the ‘Zamolodchikov
tetrahedron equation’ (a categorification of the Yang-Baxter equation) [3]. In the context of hom-
type algebras, D. Yau proved that hom-Lie algebras give rise to a solution of the hom-Yang-Baxter
equation (an hom analogue of the Yang-Baxter equation) [25]. It is interesting to verify whether hom-
Lie 2-algebras give rise to a solution of a suitable hom analogue of the ‘Zamolodchikov tetrahedron
equation’.
Next, we introduce an equivalent notion of HL8r1s-algebra.
7.5. Definition. An HL8r1s-algebra structure on a graded vector space V consists of degree ´1
symmetric linear maps ̺k : V
bk Ñ V and a linear map α : V Ñ V of degree 0 with
α
`
̺kpv1, . . . , vkq
˘
“ ̺k
`
αpv1q, . . . , αpvkq
˘
and for all n ě 1,
ÿ
i`j“n`1
ÿ
σPShpi,n´iq
ǫpσq ̺j
`
̺ipvσp1q, . . . , vσpiqq, α
i´1vσpi`1q, . . . , α
i´1vσpnq
˘
“ 0, for a1, . . . , an P V.
(17)
Like classical case, an HL8-structure is related to an HL8r1s-structure by a degree shift. Let
pL, lk, αq be a HL8-algebra. Take V “ sL and define ̺k : V
bk Ñ V by
̺k “ p´1q
kpk´1q
2 s ˝ lk ˝ ps
´1qbk.(18)
On the other hand lk can be reconstructed from ̺k as lk “ s
´1 ˝ ̺k ˝ s
bk. See [15] for more details.
Then we have the following.
7.6. Proposition. An HL8-structure on a graded vector space L is equivalent to an HL8r1s-
structure on the graded vector space V “ sL.
7.7. Remark. Note that Definition 7.1 is natural in the sense that the differential l1 has degree ´1,
the product l2 preserves the degree and ln’s are higher homotopies, for n ě 3. However, one can see
that Definition 7.5 is simpler in sign.
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7.2. Coderivation interpretation. Let V be a graded vector space. We now consider the free
graded commutative algebra SV “ ‘kě0S
kpV q on V , where SkpV q is the quotient of V bk by the
subspace genetared by elements of the form vσp1q b ¨ ¨ ¨ b vσpkq ´ ǫpσqv1 b ¨ ¨ ¨ b vk. We denote the
induced product on SV by ^. There is also a coproduct on SV defined by
△pv1 ^ ¨ ¨ ¨ ^ vnq “ p1q b pv1 ^ ¨ ¨ ¨ ^ vnq
`
n´1ÿ
i“1
ÿ
σPShpi,n´iq
ǫpσq pvσp1q ^ ¨ ¨ ¨ ^ vσpiqq b pvσpi`1q ^ ¨ ¨ ¨ ^ vσpnqq
` pv1 ^ ¨ ¨ ¨ ^ vnq b p1q.
If α : V Ñ V is a linear map of degree 0, it induces a coalgebra map (denoted by the same
symbol) α : SV Ñ SV defined by
αpv1 ^ ¨ ¨ ¨ ^ vnq “ αpv1q ^ ¨ ¨ ¨ ^ αpvnq.
7.8. Lemma. Let V be a graded vector space and α : V Ñ V be a linear map of degree 0. Let
̺ : SnpV q Ñ V be a linear map pof degree |̺|q satisfying α ˝ ̺ “ ̺ ˝ α^n, that is,
αp̺pv1 ^ ¨ ¨ ¨ ^ vnqq “ ̺pαpv1q ^ ¨ ¨ ¨ ^ αpvnqq.
View ̺ as a linear map ̺ : SV Ñ V by letting its only non-zero component being given by the original
̺ on SnpV q. Then ̺ lifts uniquely to a map r̺ : SV Ñ SV pof degree |̺|q satisfying α ˝ r̺“ r̺˝α and
△ ˝ r̺“ pr̺b αn´1 ` αn´1 b r̺q ˝△.
More precisely, r̺ is given by
r̺pv1^¨ ¨ ¨^vkq :“
$&
%0, if k ă n,ř
σPShpn,k´nq ǫpσq ̺pvσp1q ^ ¨ ¨ ¨ ^ vσpnqq ^ α
n´1vσpn`1q ^ ¨ ¨ ¨ ^ α
n´1vσpkq, if k ě n.
Let
CoderpαpSV q :“ tD “
ř
ně1 Ă̺n| ̺n : SnV Ñ V is a map of degree p satisfying α ˝ ̺n “ ̺n ˝ αbnu.
One may also define a graded Lie algebra structure on Coder‚αpSV q. ForD “
ř
ně1 Ă̺n P CoderpαpSV q
and D1 “
ř
mě1 Ăσm P CoderqαpSV q, we define
D ˝D1 “
ÿ
n,mě1
Ă̺n ˝ Ăσm P Coderp`qα pSV q.
The graded Lie bracket on Coder‚αpSV q is then given by rD,D
1s “ D ˝D1 ´ p´1qpqD1 ˝D.
7.9. Proposition. Let V be a graded vector space and α : V Ñ V be a linear map of degree 0.
Let D “
ř
ně1 Ă̺n P Coder´1α pSV q. Then the condition D ˝ D “ 0 is equivalent to the following
equations:ÿ
i`j“n`1
ÿ
σPShpi,n´iq
ǫpσq ̺j
`
̺ipvσp1q, . . . , vσpiqq, α
i´1vσpi`1q, . . . , α
i´1vσpnq
˘
“ 0, for all n ě 1.
In view of Proposition 7.6 and Proposition 7.9, we get the following result.
7.10. Theorem. An HL8-algebra structure on a graded vector space L with respect to a linear map
α : LÑ L of degree 0 is equivalent to an element D P Coder´1α pSV q with D ˝D “ 0, where V “ sL.
It is known that the graded commutator of a differential graded hom-associative algebra gives
rise to a differential graded hom-Lie algebra. More precisely, let pA, µ, α, dq be a differential graded
hom-associative algebra. Then pA, r´,´s, α, dq is a differential graded hom-Lie algebra, where
ra, bs “ µpab bq ´ p´1q|a||b|µpb b aq
is the usual graded commutator. A more general theorem for strongly homotopy algebras is given
by the following.
7.11. Theorem. Let pA, µk, αq be an HA8-algebra. Then pA, lk, αq forms an HL8-algebra, where
the maps lk : b
kAÑ A are given by
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lkpa1, . . . , akq “
ř
σPSk
χpσq µkpaσp1q, . . . , aσpkqq,
for a1, . . . , ak P A and 1 ď k ă 8. Here, lk’s are appropriate skew-symmetrization of µk’s.
Proof. Our proof is similar to the proof of Lada and Markl [15]. Let the HA8-algebra pA, µk, αq is
given by the coderivation D P Coder´1α pTV q, where V “ sA. Then we have D ˝D “ 0.
Consider the injective coalgebra map Q : SV Ñ TV given by
Qpv1 ^ ¨ ¨ ¨ ^ vnq “
ř
σPSn
ǫpσqpvσp1q b ¨ ¨ ¨ b vσpnqq.
Next, consider the linear map π ˝ D ˝ Q : SV Ñ V , where π : TV Ñ V is the projection. Then
by Lemma 7.8, we can extend it to a unique map D “ Čπ ˝D ˝Q : SV Ñ SV such that D P
Coder´1α pSV q and π
1 ˝D “ π ˝D ˝Q, where π1 : SV Ñ V is the projection. It is straightforward to
verify that D “
ř
kě1 Ă̺k, where ̺k’s are defined from lk’s as in (18). Thus, it remains to show that
D ˝D “ 0.
First we claim that Q ˝ D “ D ˝ Q. Since Q is a coalgebra map, both Q ˝ D and D ˝ Q are
in Coder´1α pSV, TV q. Therefore, we only need to examine π ˝ Q ˝ D “ π ˝ D ˝ Q. Observe that
π ˝Q “ π1, hence, π ˝Q ˝D “ π1 ˝D. On the other hand, π ˝D ˝Q “ π1 ˝D, by the definition of
D. Hence, we have Q ˝D “ DQ.
Thus, π1 ˝D ˝D “ pπ1 ˝Dq ˝D “ pπ ˝D ˝Qq ˝D “ π ˝D ˝D ˝Q “ 0. Since, D ˝D : SV Ñ SV
is in Coder´2α pSV q and π
1 ˝D ˝D “ 0, it follows that D ˝D “ 0. Hence, the proof. 
7.3. Cohomology and deformations.
7.12. Definition. Let pL, lk, αq be a HL8-algebra. An HL8-module is a graded vector space M
together with
‚ a collection tηk| 1 ď k ă 8u of linear maps ηk : b
k´1LbM ÑM with deg pηkq “ k ´ 2,
‚ a linear map β :M ÑM of degree 0 with
β
`
ηkpa1, . . . , ak´1,mq
˘
“ ηk
`
αpa1q, . . . , αpak´1q, βpmq
˘
such that for all n ě 1,ÿ
i`j“n`1
ÿ
σPShpi,n´iq
χpσqp´1qipj´1q ηj
`
ηipaσp1q, . . . , aσpiqq, γ
i´1aσpi`1q, . . . , γ
i´1aσpnq
˘
“ 0,(19)
for a1, . . . , an´1 P L and an PM .
Note that in the above definition we use the following conventions. For any σ P Shpi, n´ iq, we
have either aσpiq “ an or aσpnq “ an. In the first case, we define
ηj
`
ηipaσp1q, . . . , aσpiqq, γ
i´1aσpi`1q, . . . , γ
i´1aσpnq
˘
“ p´1qj´1`pi`
ři
k“1 |aσpkq|qp
řn
k“i`1 |aσpkq|q ηj
`
αi´1aσpi`1q, . . . , α
i´1aσpnq, ηipaσp1q, . . . , aσpiqq
˘
.
In the second case, we define
ηj
`
ηipaσp1q, . . . , aσpiqq, γ
i´1aσpi`1q, . . . , γ
i´1aσpnq
˘
“ ηj
`
lipaσp1q, . . . , aσpiqq, α
i´1aσpi`1q, . . . , β
i´1aσpnq
˘
.
It is easy to observe that M “ L is an HL8-module over itself with ηk “ lk and β “ α. We now
define the Chevalley-Eilenberg cohomology of an HL8-algebra with coefficients in itself.
Let pL, lk, αq be anHL8-algebra with the corresponding coderivation is given byD P Coder
´1
α pSV q.
The Chevalley-Eilenberg cochain complex of L with coefficients in itself is given by
`
C‚αpL,Lq, δα
˘
,
where C‚αpL,Lq “ Coder
´p‚´1q
α pSV q and
δαp´q :“ rD,´s.
Then D ˝D “ 0 implies that δ2α “ 0. The cohomology groups are denoted by H
‚
αpL,Lq.
Like HA8-algebra case, one may also study the deformation of HL8-algebras. Let pL, lk, αq be
an HL8-algebra with the corresponding coderivation is given by D P Coder
´1
α pSV q. A deformation
of L is given by a formal sum
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Dt “ D ` tD1 ` t
2D2 ` ¨ ¨ ¨ P Coder
´1
α pSV qrrtss
such that Dt ˝Dt “ 0. Similar to the case of HA8-algebra, one can show that H
2
αpL,Lq “ 0 implies
the rigidity of the HL8-structure and H
3
αpL,Lq obstruct the extension of a deformation of order n
to a deformation of order n` 1.
7.13. Remark. In [7], the authors consider a more general deformation of homotopy algebras
pA8, L8, . . .q whose deformation parameter lies in a local algebra. Inspired from the classical de-
formations (associative, Lie,. . .), they also considered miniversal deformation of homotopy algebras.
In our context, one may also study miniversal deformation of HA8- and HL8-algebras.
8. Appendix
In this appendix, we introduce some generalizations of HA8-algebras and HL8-algebras.
8.1. HA8-category. An A8-category is a kind of category (but not a true category) in which
the composition of morphisms is associative up to homotopy (see [13] for instance). A8-categories
are category theoretical model of A8-algebras. In this appendix, we introduce HA8-category as a
categorical model of HA8-algebras.
8.1. Definition. An HA8-category A consists of
‚ a class of objects obj(A),
‚ for all A,B P obj(A), there is a graded vector space HomApA,Bq and a linear map
αA,B : HomApA,Bq Ñ HomApA,Bq
(also denoted by α when there is no confusion) of degree 0,
‚ for all k ě 1 and A0, A1, . . . , Ak P obj(A), a graded composition map
µk : HomApAk´1, Akq bHomApAk´2, Ak´1q b ¨ ¨ ¨ bHomApA0, A1q Ñ HomApA0, Akq
of degree k ´ 2 satisfying
α ˝ µk “ µk ˝ α
bk, for all k ě 1,
and for all n ě 1 and objects A0, A1, . . . , An P obj(A),
ÿ
i`j“n`1
jÿ
λ“1
p´1qλpi`1q`ip|a1|`¨¨¨`|aλ´1|q µj
`
αi´1a1, . . . , α
i´1aλ´1, µipaλ, . . . , aλ`i´1q, . . . , α
i´1an
˘
“ 0,
for ai P HomApAn´i, An´i`1q, i “ 1, . . . , n.
It is easy to see that if A is an HA8-category with one object t‹u, then the graded vector space
HomAp‹, ‹q inherits an HA8-algebra structure. Therefore, an HA8-category is a categorical model
of an HA8-algebra. Another class of examples are given by dg hom-categories in which µk “ 0, for
all k ě 3.
When α “identity, one gets the definition of an A8-category. Let pA, µkq be an A8-category and
for all A,B Pobj(A), there is a map
α : HomApA,Bq Ñ HomApA,Bq
satisfying α ˝ µk “ µk ˝ α
bk, for all k ě 1. Such an α is called a strict functor. If α is a strict
functor, then pA,αk´1 ˝ µk, αq is an HA8-category.
The categorical model of anHA8-algebra morphism is given byHA8-functor which can be define
similarly.
8.2. Remark. Since HA8-category is a category theoretical model of an HA8-algebra, it would be
interesting to extend some properties (like homotopy transfer theorem) of HA8-algebra to HA8-
category. We also hope that there might exists an appropriate version of the Hochschild cohomology
theory for some ‘good’ HA8-categories.
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8.2. HA8-coalgebras. Like coalgebras are dual to algebras, hom-coalgebras are dual to hom-
algebras [18]. A hom-coalgebra is a triple pA,△, αq consists of a vector space A together with
a linear map △ : A Ñ A b A and a linear map α : A Ñ A satisfying △ ˝ α “ αb2 ˝ △ and the
following hom-coassociative identity
p△b αq ˝△ “ pαb△q ˝△.
Given a coalgebra pA,△q and a coalgebra map α : A Ñ A, one can associate a hom-coalgebra
pA,△ ˝ α, αq. The notions of graded hom-coalgebra and DG hom-coalgebra can be define similarly.
Now, we introduce HA8-coalgebra as a more general object where the hom-coassociative identity
holds up to certain homotopy.
8.3. Definition. An HA8-coalgebra is a graded vector space A “ ‘Ai together with
‚ a collection of maps △k : AÑ A
bk of degree k ´ 2, for k ě 1,
‚ a linear map α : V Ñ V of degree 0 satisfying
αbk ˝△k “ △k ˝ α, for all k ě 1,
and for all n ě 1, ÿ
r`s`t“n,r,tě0,sě1
p´1qrs`t
`
pαs´1qbr b△s b pα
s´1qbt
˘
˝△r`1`t “ 0.
For n “ 1, it follows that △1 is a differential. For n “ 2, we get that the differential △1 satisfies
the co-Leibniz rule
△2 ˝△1 “ p△1 b idq ˝△2 ` pidb△1q ˝△2
with respect to the coproduct △2. For n “ 3, it follows that the coproduct △2 is hom-coassociative
up to certain homotopy. Similarly, for higher n, we get higher coherence laws that △k’s must satisfy.
It follows that an HA8-coalgebra pV,△k, αq with △k “ 0 for k ě 2, is a DG hom-coalgebra.
The definition of morphism between HA8-coalgebras can be define similarly. Finally, it would be
interesting to prove homotopy transfer theorems for HA8-coalgebras. One may also study 2-term
HA8-coalgebras and prove results analogous to Subsections 4.1 and 4.2. We hope that a categorical
version of hom-coalgebras might be related to 2-term HA8-coalgebras.
8.3. HP8-algebras. The notion of strongly homotopy Poisson algebras (P8-algebras in short) was
introduced by Cattaneo and Felder to study deformation of coisotropic submanifolds of a Poisson
manifold [4]. We now introduce strongly homotopy hom-Poisson algebras (or HP8-algebras in
short).
8.4. Definition. An HP8-algebra is an HL8-algebra pL, lk, αq equipped with a graded commuta-
tive, hom-associative multiplication
µ : Lb LÑ L, pa, bq ÞÑ a ¨ b
of degree 0 such that each lk : L
bk Ñ L, k ě 1, satisfies the following graded hom-Leibniz rule
lk
`
αpa1q, . . . , αpak´1q, b ¨ c
˘
“ lkpa1, . . . , ak´1, bq ¨ αpcq
` p´1qpk´2`|a1|`¨¨¨`|ak´1|q|b|αpbq ¨ lkpa1, . . . , ak´1, cq,
for all a1, . . . , ak´1, b, c P L.
An HP8-algebra as above is denoted by pL, lk, µ, αq. When α “ identity, we recover P8-algebras
introduced in [4]. When L is a vector space (considered as a graded vector space concentrated in
degree 0), we get hom-Poisson algebras [17].
Given a P8-algebra pL, lk, µq and a strict P8-algebra morphism α, one can define an HP8-algebra
pL, αk´1 ˝ lk, α ˝ µ, αq.
8.5. Remark. Note that, in the above definition of an HP8-algebra, we have assumed that the
multiplication µ is hom-associative. In a more general notion of HP8-algebra, one expects that
the multiplication is hom-associative up to homotopy, in other words, the underlying graded vector
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space L inherits an HA8-algebra structure pL, µk, αq as well. The graded hom-Leibniz rule can
easily extend (for higher µk’s) by using the Koszul sign convention.
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